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A gyrokinetic formalism has been developed to study lower hybrid wave stabilization of ion
temperature gradient driven modes, responsible for anomalous ion transport in the inner region of
tokamak. The parametric coupling between lower hybrid and drift waves produce lower hybrid
sideband waves. The pump and the sidebands exert a ponderomotive force on electrons, modifying
the eigenfrequency of the drift wave and influencing the growth rate. The longer wavelength drift
waves are destabilized by the lower hybrid wave while the shorter wavelengths are suppressed. The
requiste lower hybrid power is in the range of �900 kW at 4.6 GHz. © 2009 American Institute of
Physics. �DOI: 10.1063/1.3080744�

I. INTRODUCTION

Microinstabilities in magnetically confined plasma have
been studied extensively as a key mechanism for producing
plasma turbulence and resultant anomalous transport.1–9

Three types of drift waves, viz., ion temperature gradient
�ITG� mode,1,10 trapped electron mode,1,10,11 and electron
temperature gradient �ETG� mode driven by passing
electrons12–15 are believed to affect plasma confinement. The
ITG mode is essentially an electrostatic instability, driven by
the free energy contained in ion temperature gradient. It is
more unstable for lower beta plasmas. In toroidal geometry,
the modes are also driven by the unfavorable magnetic cur-
vature, although the mode may remain essentially slablike in
the region of weak/negative shear.16,17

Redi et al.9 analyzed linear drift mode stability in Alca-
tor C-Mod with radio frequency heating, using GS2 gyroki-
netic code, and shown that ITG and ETG modes are unstable
outside the barrier region and not strongly growing in the
core; in the barrier region ITG is only weakly unstable.
Applegate et al.8 showed that electrostatic ITG modes can be
stabilized if the ion pressure gradient can be supported by the
ion density profile instead of the ion temperature profile in
mega-ampere spherical tokamak like plasma by using GS2
code. Fivaz et al.,18 showed that ITG modes can be stabilized
by a reduction of the equilibrium �B drifts by using global
gyrokinetic particle simulation. Falchetto and Ottaviani19

showed an increase in energy confinement time and a stabi-
lization of ITG driven turbulence with the inverse of colli-
sionality of zonal flows by three-dimensional �3D� global
fluid model. Watanabe et al.20 numerically showed that heli-
cal configuration optimized for reducing neoclassical ripple
transport can simultaneously reduce turbulent transport with
enhancing zonal-flow generation by gyrokinetic Vlasov
simulation. Lin et al.21 showed that nonlinear global simula-
tion of instabilities driven by temperature gradients in ion
component of the plasma support the view that turbulence
driven fluctuating zonal flows can substantially reduce turbu-

lent transport by 3D global gyrokinetic toroidal code. Jhowry
and Anderson22 investigated the stability of electromagnetic
ion temperature gradient driven modes by finite beta ��� in
noncircular toroidal devices.

In this paper we develop a gyro kinetic formalism to
study the effect of high power lower hybrid wave on electro-
static ITG driven modes in advanced tokamak. Lower hybrid
waves are launched into a tokamak by a phased array of
waveguides. As they propagate toward the center in a well
defined resonance cone they attain larger amplitude at higher
densities and become susceptible to parametric instabil
ities.23 In the presence of lower hybrid pump wave ��0 ,k0�,
the electrons acquire an oscillatory velocity, v0. When this is
combined with a lower frequency density perturbation, a
nonlinear current is produced which is the source to drive
lower hybrid resonant waves at sideband frequencies
��1 ,�2�. These sidebands beat with the pump to produce a
ponderomotive force, driving or suppressing the low fre-
quency perturbation.

In Sec. II we obtain the linear response of electrons to
the pump and sideband waves. Nonlinear low frequency re-
sponse has been studied in Sec. III. Section IV contains the
nonlinear response at sidebands, and growth rate have been
calculated in Sec. V. Conclusions have been given in Sec. VI.

II. LINEAR RESPONSE OF THE PUMP AND
SIDEBANDS

We model the tokamak by a plasma slab of nonuniform
electron density n0�x� and temperature T0�x� in shearless
magnetic field B=B0ẑ. The x, y, and z directions in the slab
geometry correspond to radial, poloidal, and toroidal direc-
tions in the tokamak configuration. A high power lower hy-
brid wave is launched into the plasma with potential �0

=�0e−i��0t−k0�·r−k0zz�. This wave imparts oscillatory velocity
to electrons,

v0� =
e

m�c
2 ��c � ���0 − i�0���0� ,
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v0z = −
ek0z

m�0
�0, �1�

where �0 lies in the range �ci��0��c, �0=�pi�1
+ �k0z

2 mi /k0
2m��1/2�1+ ��p

2 /�c
2��−1/2, �c=eB0 /m, �p

= �n0
0e2 /m�0�1/2, �pi= �n0

0e2 /mi�0�1/2, −e, and m be the charge,
and mass of the electron, and mi be the mass of the ion. The
first term on the right hand side of Eq. �1� is the E0�B drift
which is much larger than the polarization drift �the second
term in the same equation� and the parallel velocity. This
oscillatory velocity provides a coupling between a ion tem-
perature gradient drift mode of potential

� = Ae−i��t−k·r� �2�

and lower hybrid wave sidebands of potential

� j = Aje
−i��jt−kj·r� �3�

with j=1,2 where �1=�−�0, �2=�+�0, k1=k−k0, and
k2=k+k0. The linear response of the electron for two side-
bands turns out to be

v j� =
e

m�c
2 ��c � ��� j − i� j��� j� ,

�4�

v jz = −
ekjz

m� j
� j .

III. NONLINEAR LOW FREQUENCY RESPONSE

The sidebands couple with the lower hybrid pump to
produce a low frequency ponderomotive force FP on the
electrons. FP has two components, perpendicular and parallel
to the magnetic field. The response of electrons to FP is
strongly suppressed by the magnetic field and is usually
weak. In the parallel direction, the electrons can effectively
respond to FPz, hence, the low frequency nonlinearity arises
mainly through FPz=−mv ·�vz. The parallel ponderomotive
force, using the complex number identity ReA�ReB
= �1 /2�Re�A�B+A��B�, can be written as

FPz = eikz�P = − �m

2
��v0� · ��v1z + v1� · ��v0z�

− �m

2
��v0�

� · ��v2z + v2� · ��v0z
� � . �5�

Using Eqs. �1� and �4� and considering only the dominant
E0�B drift terms the ponderomotive potential �p in the
limit ��kzvthe, takes the form

�p =
e�0�1

2m�c
2

k1� · k0� � �c

ikz�0�1
��0k1z − �1k0z�

+
e�0

��2

2m�c
2

k2� · k0� � �c

ikz�0�2
��0k2z − �2k0z� , �6�

where vthe= �2Te /m�1/2 is the electron thermal velocity. One
may note �p is maximum when k� and k0� are perpendicu-
lar to each other. The response electrons to ponderomotive
potential �p and the self consistent potential � is governed
by the Vlasov equation

�

�t
f + v · �f +

e

m
���� + �p� − v � B� · �vf = 0. �7�

We consider the equilibrium distribution function with non-
uniform density and temperature as

f0 = n0
0�1 −

x −
vy

�c

Ln
	

��
m

2�T0
1 −

x −
vy

�c

LT
�	

3/2
exp�−

mv2

2T0
1 −

x −
vy

�c

LT
�	 ,

�8�

where Ln and LT are the density and temperature scale
lengths. Perturbing this equilibrium by f = f0+ f1 and linear-
izing we obtain

f1 = −
e

m
�

−�

t ��� + �p� · � �

�v
f0��

t�
dt�, �9�

where the integration is over the unperturb trajectory. Equa-
tion �9� simplifies to give

f1 =
n0

0e�� + �p�
m

� m

2�T0
�3/2

e−mv2/2T0�
l

�
n

Jl� k�v�

�c
�Jn� k�v�

�c
� 1

� − l�c − kzvz
ei�l−n�	 ky

�c
� 1

Ln
−

1

LT
�3

2
−

mv2

2T0
��

− 1 − �x −
vy

�c
�� 1

Ln
−

1

LT
�5

2
−

mv2

2T0
����l�c + kzvz�� , �10�

where Jl and Jn are the Bessel functions of order l and n, and 	 is the gyrophase angle. The perturbed density of electrons turns
out to be

n = �
0

� �
0

2� �
−�

�

f1v�dv�d	dvz, �11�
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n = �� + �p�2n0
0e

mvth
2 �1 +

� − �n
� + 3

2�T
�

kzvth
�

l

Z�
�Ile
−b +

vth

�cLT
�

l

l

2�

Ile
−b

2 � +
n0

0e

mvth
2 �

l
� vth

�cLn
−

5

2

vth

�cLT
�Ile

−b

+
2vth

�cLT

�

�b
�bIle

−b��1 +
�

kzvth
Z�
�� −

2n0
0e

mvth
2 �

l
 �T

�

kzvth
Ile

−b −
vth

�cLT

�

kzvth
� l

2�
Ile

−b −
b 1

2

4

�

�b
�Ile

−b����
 + 
2Z�
��

−
n0

0e

mvth
2 �

l
� vth

�cLn
−

5

2

vth

�cLT
�b1/2

2

�

�b
�Ile

−b�
�

kzvth
+

�T
�

kzvth

�

�b
�bIle

−b� +
vth

�cLT

1

4b1/2
�

�b
�b2 �

�b
�Ile

−b�� �

kzvth
�Z�
�� , �12�

where �T
� =kyT0 /m�cLT, and �n

�=kyT0 /m�cLn are the dia-
magnetic drift frequencies, 
= ��− l�c /kzvth�, In�b� is the
modified Bessel function of order n and argument b, Z�
� is
the plasma dispersion function, and we have used the iden-
tity

�
0

�

e−s2
Jn

2��s�sds =
1

2
Ine−b,

�13�

�
0

�

e−s2
Jn���s�Jn��s�s2ds =

b1/2

4

d

db
�Ine−b� .

For the ITG mode of ���ci, n simplifies to

n =
k2

e
�0�e�� + �p� , �14�

�e = �er + i�ei =
2�p

2

k2vthe
2 1 +

� − �n
� + 3

2�T
�

kzvthe
Z� �

kzvthe
��

−
2�p

2

k2vthe
2

�T
�

kzvthe
Z� �

kzvthe
� +

�

kzvthe
� .

�15�

In the limit ��kzvthe one can write

�er = 2
�p

2

k2vthe
2 1 −

� − �n
� + 3

2�T
�

kzvthe
� �

kzvthe
�� ,

�16�

�ei = 2
�p

2

k2vthe
2

��� − �n
� + 1

2�T
�

kzvthe
� .

Ion density perturbation can be recovered from n by replac-
ing �c by �ci ��ci=eB0 /mi where mi is the ion mass and e is
the ion charge�, vth by vthi, �n

� by −�ni
� , �T

� by −�Ti
� , e, Te by

−e, Ti and ignoring �p.
In the limit of �kzvthi one may write

ni = −
k2

e
�0��ir + i�ii�� , �17�

�ir = 2
�pi

2

k2vthi
2 ��ni

� − 3
2�Ti

� ��1 − bi� + �Ti
� �1 − 2bi�

�

− � vthi

4�ciLni
−

vthi

8�ciLTi
�bi

1/2� ,

�ii = 2
�pi

2

k2vthi
2

���ni
� − 3

2�Ti
�

kzvthi
�1 − bi� +

�Ti
�

kzvthi
�1 − 2bi�

+  �

kzvthi
�1 − bi� + � vthi

4�ciLni

−
vthi

8�ciLTi
�bi

1/2��e−�2/kz
2vthi

2
. �18�

Now using the Eqs. �14� and �17� in the Poisson equation
�2�= �e /�0��n−ni� we obtain

�� = − �e�p, �19�

where �=1+�i+�e.

IV. NONLINEAR RESPONSE AT THE SIDEBANDS

The density perturbation at �� ,k� couples with the os-
cillatory velocity of electrons, v0, to produce nonlinear den-
sity perturbations at sideband frequencies. Solving the equa-
tion of continuity,

�

�t
n1

NL + ��n

2
v0

�� = 0, �20�

one obtains

n1
NL =

n

2�1
�k1 · v0

�� . �21�

similarly for the upper sideband the nonlinear density pertur-
bation can be written as

n2
NL =

n

2�2
�k2 · v0

�� . �22�

Using Eqs. �21� and �22� in Poisson’s equation for the side-
band waves, we obtain

�1�1 =
k2

k1
2 �1 + �i�

k1 · v0
�

2�1
� ,

�23�

�2�2 =
k2

k2
2 �1 + �i�

k2 · v0

2�2
� ,

where

�1 = 1 +
�p

2

�c
2 −

�pi
2

�1
2 �1 +

k1z
2

k1
2

mi

m
� ,
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�2 = 1 +
�p

2

�c
2 −

�pi
2

�2
2 �1 +

k2z
2

k2
2

mi

m
� , �24�

are the dielectric functions at ��1 ,k1�, and ��2 ,k2�.

V. GROWTH RATE

The nonlinear coupled Eqs. �19� and �23� lead to the
nonlinear dispersion relation

� = � 1

�1
+

1

�2
� , �25�

where

� = −
�e�1 + �i�

�1 +
k0�

2

k�
2 �

k2U2 sin2 �

4�0
2 , �26�

U=ek0�0 /m�c is the magnitude of E0�B electron velocity,
and � is the angle between k� and k0�. For �k0z /�0kz�1,
one may write

�1 = �1 + �� ,

�27�
�2 = �2 − �� ,

where

�1 = �1 +
�p

2

�c
2� −

�pi
2

�0
2 �1 +

mi

m

�kz + k0z�2

k0�
2 + k�

2 �
� �1 +

�p
2

�c
2��1 −

�LH
2

�0
2 �� k�

2

k0�
2 − 2

kz

k0z
� ,

�2 = �1 +
�p

2

�c
2� −

�pi
2

�0
2 �1 +

mi

m

�kz − k0z�2

k0�
2 + k�

2 �
� �1 +

�p
2

�c
2��1 −

�LH
2

�0
2 �� k�

2

k0�
2 + 2

kz

k0z
� ,

� =
2

�0
�1 +

�p
2

�c
2� . �28�

Now using Eqs. �16�, �18�, and �25� the nonlinear dispersion
relation can be written as

�1 + �ir + �er���1�2 + ��2 − �1���� + P��er + �er�ir�

+ i��ii + �ei���1�2 + ��2 − �1���� + P��ei + �ii�er

+ �ei�ir� = 0, �29�

where

P =
U2k2

4�0
2 
 1

1 +
k0�

2

k�
2 ���1 + �2� . �30�

Writing �=�r+ i�, with ���r, the real and imaginary
parts of Eq. �29� gives

�r = −

GP + �1�2
k2vthe

2

2�p
2 �

k2vthe
2

2�p
2 �G���2 − �1� + H� − PG

3
2�T

� − �n
�

kz
2vthe

2

, �31�

where

G = 2
�pi

2

k2vthi
2 ��ni

� −
3

2
�Ti

� ��1 − bi� + �Ti
� �1 − 2bi�� ,

H = �1�2�1 + 2
�p

2

k2vthe
2 − 2

�pi
2

k2vthi
2 � vthi

4�ciLni
−

1

8

vthi

�ciLTi
�� + 2P

�p
2

k2vthe
2 �1 − 2

�pi
2

k2vthi
2 � vthi

4�ciLni
−

1

8

vthi

�ciLTi
�� . �32�

In the absence of lower hybrid power �P=0� the above expression simplifies to

�r = −
G

G�� 1

�1

−
1

�2

� + 1 + 2
�p

2

k2vthe
2

−
�pi

2

k2vthi
2

vthi

2�ci

� 1

Lni

−
1

2LTi

�� , �33�

� = −

��ii + �ei�1 + � 1

�1

−
1

�2

����
�=�r

�
�

��
�1 + �ir + �er�1 + � 1

�1

−
1

�2

�����
�=�r

.

�34�

In order to have a numerical appreciation of results we
consider the following set of parameters, corresponding to
Alcator C-Mod:24 electron density 1�1020 m−3, magnetic
field �5 T, and source frequency of 4.6 GHz with k0�c /�0

�2, Ti�Te�1 keV, for U /cs=3, where cs is the ion sound
speed. The value of U /cs=3 corresponds to lower hybrid
power of 1.7 MW.25 One may mention that the range of
lower hybrid power is typically �1 MW and looking for the
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increase in LH power to 2.0–2.4 MW in future. Figure 1
shows the progression of normalized wave frequency for
electrostatic ITG mode as a function of the lower hybrid
pump power which shows only tiny decrease in lower hybrid
amplitude i.e., the effect of LH pump wave on real frequency
is negligible, while the lower hybrid pump amplitude have a
significant effect on growth rate �cf. Fig. 2�. Electrostatic
ITG modes have positive real frequencies since they propa-
gate in the ion diamagnetic direction as observed by Apple-
gate et al.8 Figures 3 and 4 show modest downshift in wave
number in the normalized growth rate as a function of nor-
malized wave number, and the growth rate is increased for
k��i�0.17 in Fig. 3 and for k��i�0.1 in Fig. 4. �The spec-
tra in nonlinear ITG simulations tend to peak at wave num-
bers much lower than the peak growth rate, this wave num-
ber downshift of the curves may actually result in an increase
in the transport rates�. �cf. Fig. 5, Redi et al.9� and �cf. Fig. 8,
Applegate et al.8� show instability growth rates calculated
with linear dispersion codes using experimental profiles

which have been modified by ion cyclotron radio frequency
heating. Those calculations do not contain a ponderomotive
stabilization mechanism of the type addressed in this paper.

VI. CONCLUSION

At lower hybrid power level of �1 MW at �0�2�LH

and k0z��1.5–2��0 /c, the ion temperature gradient driven
mode is strongly affected by the nonlinear coupling. For
typical tokamak parameters24 the growth rate is significantly
affected by the lower hybrid pump i.e., the short wavelength
are suppressed while the others are destablized by the lower
hybrid wave and with the increasing of �i longer wavelength
drift modes are more unstable, for the regime where kzvthi is
comparable with ��. This paper actually appears to show is
that the lower hybrid �LH� pump is likely to have a signifi-
cant on transport driven by ITG modes. From Eq. �31� it has
been observed that the stabilization of the drift wave are

0 0.5 1 1.5 2 2.5 3
0.621

0.6215

0.622

0.6225

0.623

0.6235

U/cs

ω
r/k
zv
th
i

FIG. 1. �Color online� Progression of dispersion relation curve as a function
of normalized LH-mode amplitude for �i=4.

s

U
c

0.612

0.427

0.502

0.451

0.561

0.526

0.576

0.478

0.406

0.382

z thik v
γ

FIG. 2. �Color online� Growth rate as a function of normalized LH-mode
amplitude for �i=4.

FIG. 3. �Color online� Variation of normalized growth rate of ITG mode
drift wave as a function of normalized wave vector for U /cs=0 and 3 with
�i=3.

FIG. 4. �Color online� Variation of normalized growth rate of ITG mode
drift wave as a function of normalized wave vector for U /cs=0 and 3 with
�i=5.
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effective when P��1�2�k2vthe
2 /2�p

2� or above. It may be
noted that the drift wave in a tokamak are greatly affected by
the magnetic shear and toroidal effects and the analysis of
present paper may not be applicable as such.
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