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Reduction to |5t order
ODEs

z)-— =1()

new variables introduced s.t.
equations are well-behaved

generic set of N coupled first-order ODEs:

dyi(x)
dr _fl(xvylwﬂayN)a




BVPs & IVPs

Boundary conditions are algebraic conditions on the values of the
functions Yyi at the boundaries. They can be satisfied at discrete specified

points. Two broad categories:

initial value problems all the yi are given at some starting
value Xs, and 1t 1s desired to find the yi’s at some final point X,
or at some discrete list of points. e.g., planetary orbits with
given 1nitial conditions

two-point boundary value problems boundary conditions are specified at
more than one X; some of the conditions will be specified at Xs and the
remainder at Xi; e.g., stellar structure: core density, temperature at inner
boundary and radius, luminosity at outer boundary. in general more
difficult.

lets consider IVPs for now




Forward Euler
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Az :fz(x ,yl,..,yN),z:l,..,N
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| f i f modified eq. |t order accurate
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numerically unstable for large Ax! e.g., dy/dx=-ay, y(0)=1 => y=e2x
FE: y"*! = (I-ah)"'y0

|I-ah|<I for stability!




Backward Euler

yp =
Az

also |5t order accurate; this is an implicit eq.
to be solved, e.g., via Newton-Raphson
unconditionally stable!

Figure 2: Ilumerical instability in the FE method for dt>0.2; IVP is dyv/dx = -10v,
3

Figure 9:
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The backward Euler method, dt=-0.001, 0.01,
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Runge-Kutta Schemes

Euler is only |5t order accurate!
center the derivative at n+1/2: mid-point/RK2

y(x)

ki =hf(xy,yn)
ko = hf (ll?n + %hayn - %kl)

Yn+1 = Yn T+ ko + O(hg)

2" order accurate!

Can be easily shown via Taylor series




- O(h°)

4th order accurate!

most common ODE solver; while more accurate, also
requires twice the number of function evaluations




Leap-frog Method

T = F(:;l’.‘,:) Newton’s 2" law: e.g., planetary orbits, molecular dynamics, etc.

. ¢ “ . e ry % p \ 2 r \
v=Flx), x=v r=-VV(r) E(z,v)=3v|"+V(z)
time-reversible, conservative,
Hamiltonian system
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LF/Verlet very useful where we want to conserve energy,
prevent secular errors, not just the formal one-step error
RK, etc. lead to non-conservation of energy; energy drifts!

Cons: dt must be the same for time-reversibility, etc. lower
order; RK, etc. fine for short-term evolution

RK, LF are explicit schemes and thus require dt<I/wo for stability
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Adaptive step-size

stepsize (h) is chosen to achieve some pre-specified accuracy; algorithm
should give an estimate of truncation error

® big step

} two small steps

Taylor expansion: x
y(x +2h) = y1 + (2h)°¢ + O(R®) + . ..
y(x + 2h) = y2 + 2(h°)p + O(h®) + ...

a good measure of truncation error

desired accuracy must use an adaptive stepsize




Embedded RK

Cash-Karp Parameters for Embedded Runga-Kutta Method

a; bij Ci
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kl — hf(xna yn)
ko = hf(xy + agh,y, + ba1k)
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k6 — hf(ZEn T a6h7 Yn + b61k1 + -t b65k5) J= 4

o~ ol Sle ol

Ynt1 = Yn + c1k1 + caka + c3ks + caks + csks + cek + O(R°)

Y1 = Yn + k1 4 chka + ks + ks + ciks + cgke + O(R°)
6
A=ynir—ypi =) (ci— ki

1=1

Aol 1/2 the no. of fn. evals.!
ho = hy | 22

Ay recall truncation error, ¢ can’t be too small




Modified Midpoint

h=H/n

20 = y(x)
z1 = 20 + hf(x, 20)
Zma1l = Zm—1 + 2hf(x + mh, zp,) for m=1,2,....n—1

ylx + H) =y, = %[zn + 2,1+ hf(x + H,z,)] second order,with | derivative evaluation per h

> 4yn — Yn/2  4th order accurate,
Un — Yz + H) = Z o h?! y(ilf + H) ~ 3 only 1.5 fn. evaluations!
i=1

apply only for ODEs containing smooth functions




Bulirsch-Stoer

apply only for ODEs containing smooth functions
for very high accuracy

RK4 w. adaptive stepsize for non-smooth fns.

extrapolation rational vs. polynomial extrapolation of error

yn —ylx + H) = Zaih%
i=1

to % steps
steps P

Richardson extrapolation using different h

| . .
X x+H use a method with even terms in error

n=2,4,6,3,10,12,14,.. ., [nj = 2j]7 ... sub-intervals; for each n obtain
approximation & error estimate
go to higher n if error large

big stepsize should be small enough, s.t.,
kth column error is smaller than specified

) 1/(2k+1)




Stiff Equations

—1000x
vanishingly small, yet determines h!

uw = 998u + 1998w u=2e " —e
v\ = —999u — 1999v

if there are widely separated o
timescales in the problem implicit is the way to go

y = f(y)

yn—l—l — yn -+ hf(yn—l—l)

semi-implicit linearized eq.  Y,,41 =¥, T h

only first order accurate!




Righer order implicit
methods

Rosenbrock Methods y(zo+h) =y, + Z ciKi

: : : 1=1
autonomous differential equation

. linearized semi-implicit eq.; generalization of embedded RK
(y)l_(f) (1—’7hf/)'kz‘—hf<y0+z&ijkj> P K ’ U
r/) \1

j=1
i—1

g, = > visk; + 7k

g=1

1/vh — 1) - g, = f(y,)
1/~vh —f’

we won’t go through details, see NR

) - 8y = f(yy + a218,) + ca18, /h
1/vh —1f') - g5 = f(y, + az18, + az28,) + (ca18; + c328,)/h
1/vh —f£') -

solve via LU decomp.

(
(
(
(

g, = f(yo + a418, + a428, + a43g3) + (C41g1 + C428, + C43g3)/h




Semi-implicit
extrapolation

Semi-implicit Extrapolation implicit generalization of Bulirsch-Stoer
yn—l—l + Yn-1 )

implicit mid-pt Yoi1 — Yn_1 = 2ht (

of] !
A = Yei1 — Y& Ao = {l—ha—y] - hi(y,)

Y1 = Yo + Ao even order terms in error => can
k=1,....m—1, set apply Richardson extrapolation

many more methods, predictor-corrector, etc.



Iwo-point BVPs



BVP

dy; ()
dx

x1, the solution 1s supposed to satisty

:gi(maylayQP 7yN)

Blj(wlaylay% .. 7yN) =0

T2, 1t 1S supposed to satisfy

BQk($27y17y27 . 7yN) =0




Shooting Method

%‘(331) — yz‘(lffl; Vi, Vng)

N.= N — n, freely specifiable starting values

value

desired
_{boundary solve for y(x2)

discrepancy vector F

Fk:ng(ZIZ‘Q,Y) ]C:L...,TLQ

boundary

required
value

components of F=0 only for the desired solution

we want to solve multi-dim. roots of F(V1,.,Vn2)=0; use Newton-Raphson
J -6V =—F view — yold 1 gv

N FZ(Vl,,VJJrAVJ,)—F(Vl,,V?,)

Jz'j =




Shooting to fitting point

useful if singularities, e.g., sonic point
yz($1) :yi(ﬂ31;v(1)1,~-,v(1)n2) t=1,...,N

yi(2) = yi(z2; Vo)1, - - s Vioyn) 1=1,...,N

yi(a:f;V(l)):yi(a:f;V(g)) 1=1,....N

match solution at appropriate fitting point




Relaxation Methods

FDE
—1), 2 (yk + yr-1)] =0

N(M-1) egs. at interior pts.
_(xk_xk—l)gk(xkaxk—17Yk7Yk—1)7 k:2737°°'7M
0=EK; = B(x1,y1) n| BCs at x 0=Eunm+1 =C(xm,y,;) n2BCsat xm, ni+nm=N

NM nonlinear egs. for NM unknowns Yl ; j=1..N; k=1..M: can be solved via multi-D Newton-Raphson

Taylor series expansion at interior points; k=2.M: E(y, + Ay,,y,._, + Ay, ) ~ Ex(y.,¥._1)

OE
Ayn,k—l Ayn,k
OFjk v _19 . . N Zay k-1 Z

OF; 1

S' n —
. 8yn,k—1

’ Sj,TH—N — )
ayn,k

Z Sj,nAyn,k—l + Z Sj,nAyn—N,k — —

n=1 n=N-+1




N N
ZSJ,nAy’n,lz_ j,17 j:n2—|—17n2—|—2,...7N ZSJ,nAyn,M:_ .7'7]\44_17 j:1)27...7n2

n=1 n=1

inner boundary outer boundary

OF,
Sj7n — a 3,17
Yn,1

n=12,...,N

start with initial guess y0; add Ay in every iteration till desired accuracy

matrix-eq. for n=1..5 (5 dependent vars.), k=1..4 (4 grid pts.), 3/2 egs. at inner/outer bdry
\Y

V:unknown increments
B: known E;jx
X: known coupling coefficients S
block-diagonal matrix

e RN oo Rele
e R e RN oo Rele
o RN RoRoRale

e R e R o ReRoRoRaRals

Gaussian-Elimination inexpensive

e R e R e R e R o RoRoRals
e R e R e R e R o R o R o als
e R e R e R e R o RN o Nl
e R e R e R el e R oo RNy

e R e R e R oo R o R eole

see NR for details
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