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The Metallic Question

Why do metals have “high” bulk modulus?

Main new ideas

Three Dimensional Problems in QM

3D Particle in a Box

Degeneracy and Density of States

Fermi Energy

How many electrons are there per unit volume in a
metal?
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Higher Dimensions

Essentially no difference!

State is described by Ψ(r, t)

Position operator R, 〈R〉 =
∫

Ψ∗(r, t)rΨ(r, t)dr

Momentum operator P = −i~∇

Commutation relation [Ri, Pj ] = i~δij!

Schrödinger equation i~∂Ψ

∂t = HΨ

Our first example will be a metal
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Particle in a 3D box - Simplest Model of a Metal

Particles confined to 0 ≤ x1 ≤ L, 0 ≤ x2 ≤ L, 0 ≤ x3 ≤ L

ψ(x1, x2, x3) vanishes on the faces of the box

Energy eigenstates satisfy
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Particle in a 3D Box

What is the ground state (lowest energy state)?

Corresponds to n1 = 1, n2 = 0, n3 = 0

Hey, also n1 = 0, n2 = 1, n3 = 0 and
n1 = 0, n2 = 0, n3 = 1

There are three different (in fact, orthogonal)
wavefunctions which have the ground state energy!

The ground state is termed “degenerate”, in this case,
three fold degenerate

If we call k1 = n1π
L , etc.,
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Particle in a 3D Box

The states can be depicted in k-space
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How do we use this to study metals?

Take number density of electrons to be ρ

Have to accommodate N = ρV electrons

Each energy state (k1, k2, k3) can accommodate only
two electrons (of different spin...Pauli’s principle)!

Question: What will be the highest occupied energy
level?

Best studied using the concept of density of states
(which will appear in all of solid state physics)!

Density of states: g(E) defined as number of states
between E and E + dE

What is the density of states for free electrons?
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The Fermi Energy

As we add more electrons, the set of occupied states
starts to look like a sphere in k-space

The radius of the k-space sphere when all electrons
have been accommodated is kF

Number of states per unit volume of k-space =
(

2V
π3

)

(the factor 2 accounts for spin)

The total number of states in the sphere of kF =
(

2V
π3

)

· 4πk3

F

24
must be N

The radius of the “Fermi sphere” kF = (3π2ρ)1/3

The “Fermi energy” EF = ~
2

2m(3π2ρ)2/3
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Another way to The Fermi Energy

Call k2 = k2
1

+ k3
2

+ k2
3
, then Ek1,k2,k3

= ~
2

2mk
2

The total number of states in a sphere of radius k =
(
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π3

)
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This implies density of states g(E) = V
2π2

(

2m
~2

)3/2
E1/2

Clearly,
∫ EF

0
g(E)dE = N , implies EF = ~

2

2m(3π2ρ)2/3, in
agreement with previous result
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Fermi Energies in Metals

Ashcroft and Mermin
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Total Energy

Total energy U in the metal (at zero T )

U =

∫ EF

0

E g(E) dE =
3

5
NEF =

3

5
N

~
2

2m
(3π2N

V
)2/3

goes as V −
2

3

Pressure P = −∂U
∂V = 3

5
UV varies as V −

5

3

Bulk modulus B = −V ∂P
∂V = 5

3
P !

Compare with real data
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Fermi Energies in Metals

Ashcroft and Mermin
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Summary

Took first steps outside 1D

...with great reward!

A simple, yet powerful, model for metals

Fermi energies are very large energies compared to
usual thermal energies
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