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Preface

This thesis is an effort to understand some of the interesting features induced by strong
correlation - superconductivity, topology, non-Fermi liquid (NFL) in two dimensional (2D)
layered materials. 2D layered materials are exciting due to their extreme tunability and the
rich physics that can be invoked without worrying about the complexity of three dimension.
In this thesis I explore various interplay of these tuning parameters and their manifestation in
real 2D materials.

This thesis has five chapters. In Chapter 1, I introduce some basic concepts like Fermi
liquid (FL), NFL, superconductivity, topology etc. to facilitate the understandings in the
subsequent chapters. In chapter 2, I present the non-Fermi liquid (NFL) behavior due to
momentum-dependent density-density fluctuation method in cuprates. In Fermi-liquid (FL)
theory, the imaginary part of the self-energy scales quadratically with energy, which changes
to linear behavior in an NFL case. My calculation shows that due to strong momentum de-
pendent distributions of the itinerant, and local densities, the resulting self-energy becomes
strongly anisotropic. The computed self-energy exhibits a marginal-FL. (MFL)-like frequency
dependence only in the antinodal region, and FL-like behavior elsewhere at all dopings. The
DC conductivity shows that the resistivity-temperature exponent n =1 near the optimal dop-
ing. Surprisingly, in the extreme NFL state (near the optimal doping in cuprates), MFL-like
self-energy occupies the largest volume in momentum space but the nodal region still contains
FL-like self-energies. Similarly, in the FL state (in overdoped region), not all quasiparticles
are necessarily long-lived and the antinodal region remains NFL-like.

Chapter 3 and 4 are about twisted bilayer systems. Condensed matter systems host a
plethora of emergent low-energy properties due to the interplay between electronic structure,
magnetism, correlation, and topology. Without losing lattice translational invariance, one can

tune this interplay with spatially averaged parameters such as doping, pressure, magnetic field,
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and temperature. Twisted bilayers systems give a new tool to achieve local tunability with
discrete translational invariance in the Moire supercell. This allows us to study emergent
spatial-dependent phases beyond the typical mean-field order parameters. In chapter 3, I study
the formation of superconducting pairs of Wannier orbitals in twisted bilayer graphene. Re-
cently, superconductivity is discovered in twisted bilayer graphene (TBG) which is believed to
be unconventional in nature. TBG has flat bands in the Moire supercell, which are describable
by Wannier orbitals spreading over many graphene unit cells. Here I have studied the spin-
fluctuation mediated superconductivity by employing an effective low energy model for TBG
and by solving the linearized superconducting gap equation due to spin-fluctuation mediated
pairing potential. I found an extended-s wave as the leading pairing symmetry in TBG, in
which the nearest neighbor Wannier sites form Cooper pairs. I have also studied similar sys-
tems like single-layer graphene (SLG) without a moiré pattern and graphene on boron-nitride
(GBN) possessing a different moiré pattern than TBG. Similar calculation shows that GBN
has p + ip-wave pairing between nearest-neighbor Wannier states with odd-parity phase, while
SLG has the d + id-wave symmetry for inter-sublattice pairing with even-parity phase.

Recent discovery of 2D Van der Waals (VdW) magnetic layers motivated me to study a
similar Moire physics in twisted magnetic bilayers. In Chapter 4, I explore the twisted bi-
layers of 2D VAW magnets where spatially modulated inter-layer interactions arise naturally
due to Moire geometry. By considering long-ranged Heisenberg exchange (J p-and dipole-
dipole (Jp) interlayer interactions and ferromagnetic exchange and z-axis asymmetric intra-
layer interactions, I obtain the microscopic spin texture with Monte Carlo simulation. The J —
Jp parameter space unveils a hierarchy of distinct skyrmions phases, ranging from point-, rod-
, and ring-shaped topological charge distributions. A novel topological antiferroelectric phase
is also found, where oppositely charged antiskyrmion pairs are formed, and the corresponding
topological charge distribution shows a dipole formation in the Moire supercell. The dipoles
become ordered in a Néel-like state, which form a topological antiferroelectric state.

In chapter 5, I conclude the thesis with a brief summary and impact of the works described

here and with a discussion on possible future prospects and outlook.
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Chapter 1

Introduction

In this thesis, | have studied a collection of physical properties connecting many body atomic
systems in the condensed matter compounds. My theoretical exploration ranges from model-
ing of non-Fermi liquid behaviour, superconductivity to topology in both electronic structure
and in spatial spin con gurations (skyrmion). | have investigated these properties in three di-
mensional bulk material as well as in various 2D materials, heterostucture, twisted bi-layer
graphene and twisted magnetic bi-layer. In this chapter, | give introduction to some of the key
concepts in the eld of strong correlation and topology, building on previous works, which

will set the stage for discussions of my various works in the subsequent chapters.

1.1 Fermiliquid

Landau's Fermi liquid theory [1, 2] describes the behavior of electron gas with small density-
density interactions between the elctrons. It successfully predicts the low temperature elec-
tronic properties of many metals. According to Landau, the effect of (weak) electron electron
interaction in a system of electron gas can be captured by a smooth change in the distribution
function. In other words, the diferrence between non-interacting and interacting distribution
function is analytic. Physically it means we can take a non-interacting system and slowly
tune the interaction strength to the desired value without encountering any phase transition.[3]
According to Landau, any interacting system that can be prepared by such a process will

have excitations which are in one to one correspondence with the particle and hole excita-
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2 1. Introduction

tions of the non-interacting systems. These excitations of the interacting syatems are called
guasiparticles.[1, 4, 5, 6] However, there are two limits in the tuning process - the rate at which
the interaction is switched on(?), and the strength of the interaction. The tuning rate'Y

should be slow enough so that the whole process is adiabatic and the switching Jisi®(ld

be smaller than the life time of the quasiparticle. Otherwise the quasiparticle will decay before
it is created. And the interaction strength must be smaller than a critical value and the critical
value denotes a point at which the ground state of the interacting system becomes unstable
(e.g., Stoner instability, Pomeranchuk or Mott instability, leading to phase transition).

The interacting systems that satisfy the above conditions preserve the quantum numbers
which are used to describe the non-interacting counterpart. In other words, quantities like total
particle numberl), momentum [¢) and spin () are conserved, and are still good quantum
numbers for the interacting system. Let us take a non-interacting system at zero temperature
and suppospr is the Fermi momentum the system (for simplicity here | consider an isotropic
Fermi Liquid i.e, the Fermi momentum does not depend on the direction in the momentum
space.) This ground state is called the Fermi sea. Now | put a fermion above the Fermi sea
with momentunp > pg . If the interaction strength is tuned, the Fermi momenpgmemains
unchanged, and a quasiparticle (excited) state with momepigm> pg) and spin can
be de ned, or if | remove a particle from Fermi sea with momentu pg, | can de ne a
guasihole state with momentump and spin . The decay rate of such a quasiparticle or
quasihole state is proportional (p  pr)? and therefore such states only make sense when
the excitations are close to the Fermi surfacejie., prj << p . This means the particles on
the Fermi surface have zero decay rate or in nite lifetime. So the Fermi surface remains well
de ned in the FL theory.

The energy due quasiparticle excitations can be described in terms of change in occupation
numbern, = n, ng whereng is the occupation density of the ground state, apd
is the occupation number after adding the quasiparticle. Landau energy functional is given
by[3, 7]

X

H

X
(frp 9= E Eo=
p

Np fp.pooNp Npoo+ i (1.1.1)

p;pOO

0
p +§

where the energ¥ is measured with reference to the ground state enEggyin the above
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equation, the rst term is for the energy of isolated quasipartic$e$(and the second term
represents interactions between quasiparticles. Alternatively it can be said that energy of a

quasiparticle in an interacting system is

o | X
p = p fp.poonNpoot il (1.1.2)
pO 0
The interaction part can further be split into a spin-dependent maghéji@agd spin inde-
pendent non-magnetid {) part. Because of fermionic property the spin-dependent part in

antisymmetric with respect to spih¥), while the other one is symmetrity), written as
fp;po 0= f;;po-l_ fg;po O' (113)

In an isotropic Fermi liquid, these terms can further be simpli ed because the interaction only
depends on the relative angl@etweerp andp®which givesf Ffzrf‘o = f573(cos ). By introduc-
ing the quasiparticle density of stafds(0), the interaction terms can be turned dimensionless

as
FS7cos ) = N (0)f 53(cos ): (1.1.4)

This dimensionless interaction term can be written in terms of a few parameters with the help

of multipole expansion such as

FS=2(cos ) = 2 (21 + 1) F™Pi(cos ): (1.1.5)
1=0

These parameters are called the Landau parameters. Depending on the nature and symmetries
of the interaction only a few Landau parameters are suf cient to describe a FL system. One

of the key features of the FL theory is the feedback effect which enters via the dependence
of the quasiparticle energy on the quasiparticle number density, and vise versa. Quasiparticle

number density for a FL is given by

np =f(P+ )=f(DMH+t(Y) ,: (1.1.6)
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So the change in quasiparticle number density becomgs=n, n® = () .,
assumingg { ) 1 (@) at low temperature. With this the feedback effect, the energy

functional becomes
— (0 X (0) .
b= b fo.poo(p)) p: (1.1.7)

This feedback effect is an inportant feature of the FL theory which results in many interesting
outcomes in the response functions, like charge and spin suscedptibilities, mass renormaliza-
tion, scattering rate. In the above equatiofﬁ) is like change of the chemical potential of the
system by some external purterbation angl is the resultant change of the fully interacting
guasiparticle energy which can be seen as the response or effect of the external purterbation.
With the assumption that the change in bare quasiparticle potential has a particular multipole

symmetry and the response also has the same symmetry, | can write

g’) = Yim(p); (1.1.8)

p = tYm(p); (1.1.9)

whereY, (p) is a spherical harmonic. By combining Eq. (1.1.4)- (1.1.9) | arrive at the impor-

tant connection between purterbation and response in a FL theory[3]

t

If the interaction is repulsiv& ™ > 0, the response is suppressed; where as in case of an
attractive interactior 5= < 0, the response is enhanced. In particular, if the interaction is too
strong so thaF*™2 = 1, the response formula hits a singularity. Such an instability causes
the breakdown of FL theory and in known as the Pomeranchuk instability.[8] These general
concepts of the feedback effect can be shown to cause various interesting properties in the FL
theory, some of which | shall discuss now. The derivations of all the results are similar to the

general one described above.
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Mass renormalization and density of statesfermi velocity of a FL can be de ned as
!

P : (1.1.11)

VE = —
" dp P=Pr

Since, the Fermi momentum remains unchanged by interaction we can invoke the usual mo-
mentum formula to express effective massin a FL asvg = p-=m and the density of states

can now be expressed in termsnof as

d
NO = g
N@© = & (1.1.12)

This implies that the density of states at the Fermi level can be increased with large effective

mass.

According to Landau, the effective mass is connected to the dipole component of the inter-
action, and the feedback effect for mass is expressed as m(1 + F7). Since the Landau
parameteF7 = N (0)f; and the density of states itself depends on the effective mass, the
effective mass formula can be expressed in terms of unrenormalized density of states, which is

given by

m

M =T NOfs

(1.1.13)

The above equation shows that the effective mass becomes very large if the denominator is
small and it becomes a heavy electron system, and the electrons become slow. If the denomi-
nator is further pushed to zeroNr0)f 7 = 1, it leads to an instability, which can be identi ed

as Mott instability[9] where the electrons become immobile or localized. Apart from transport

properties, effective mass also changes the linear speci c heat of the system.
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Speci ¢ heat: Spe ¢ heat of a Fermi liquid system is given by[10]

L@ _x 4 ey 1y e
Cy = T o T I N (0) . d @t
21,2
= T where = 3kBN(0): (1.1.14)

The leading order in temperature dependence is the same as that of a free electron gas. Only
the linear coef cient is modi ed with the renormalized density of states or in terms of effective

mass it has increased by a factomof=m.

Charge and spin susceptibility: Charge susceptibility (proportional to compressibility), is
a measure of change in number density of quasiparticles for change in chemical potential,

which is given by

1 @N
Ve (1.1.15)
For a chemical potential shift go) = , the response function changes in an isotropic
manner , = < ,Wwhich gives the expression fog when the feedback effect is included
as
1
= 13 Fs (1.1.16)

Here the symmetric channel is used for non-magnetic effectl ar@ channel is used for the
isotropic process. The change in number density is then giveNdy = n = (N (0)

and the charge susceptibility is given by

¢c= N (0)= : (1.1.17)

In a similar manner, the spin susceptibility can be derived by the change in bare quasiparticle
energy due to an applied magnetic eRlis g’) = rB, and the response is, =

s £B, where g is the magnetic moment of an isolated fermion. Taking the feedback
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effect leads to

1

T (1.1.18)

where assymetric channel is used for magnetic effect,land0 for the isotropic process.
Change in number density of up-spin and down-spin particles in the presence of a magnetic
eldis n- = nyz= 5N (0) ¢B. The net change in magnetization is given by =

f(n+ ng) = <N (0) 2B. Spin susceptibility measures the change in magnetization in

unit volume for change in magnetic eld, and is given by

item_ 2N (0)
—— N (0) = 1.1.19
Both .and is suppressed for a repulsive interactigfi® > 0, and forF¢ = 1, there is

an instability called the Stoner instability[11] which indicates a ferromagnetic quantum critical

point.

Spectral function: Landau's FL theory can be described in terms of Feynman diagrams in
many body diagramatic approach or Green's function approach.[12, 13, 14] The Green's func-

tion or the propagator for a non-interacting free particle is given by

1

— 1.1.20
T . ( )

Go(k;!) = i

where! isthe frequency, is non-interacting disperson relation, and 0, fork > k¢ and
k! 0 fork < kg whichis added to avoid divergencelat . The Fourier transformation

of the Green's function gives
Gok; )/ el el «: (1.1.21)

The above equation shows that the imaginary paiis related to the decay of the particle.
Since for non-interacting particlg is in nitisimally small the particle does not decay fast, or

the particle remains stable in its ground state. Spectral function is de ned as the imaginary
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part of the Green's function

A1) = 1Go(k:!): (1.1.22)

For non-interacting systemy! 0 limit) the spectral function is a dirac delta function. When
interaction is added the Green's function is modi ed with the addition of a self energy

%+ i %andis given by

G(k;!) = - (1.1.23)

1
By expanding °in linear! and introducing quasiparticle weigl, = 1 @@0 , the
Green's function and spectral weight can be written in terms of modi ed dispergion

Zk( k O(' = 0)) and = Zg 0as

G(k;!)

k

Ak:!) (1.1.24)

i
k .
. .
(! K+ 2

From Eg. (1.1.24) the spectral function can be predicted as a functionebr a xed value

of k, the spectral function has its heighest value when  and is proportional td= . For

aFL, «/ % 12 Sothe spectral function has a peak at | with a continuous back-
ground for othet s, and the width of the peak goes as/ ! 2. So fork 6 ke the spectral

weight peak has a nite broadening proportional to quardratic powér, @ind atk = kg, the

spectral weight peak becomes in nitely sharplas 0. This peak is called the quasiparticle
peak, and can be used to validate the FL ansatz. This suggests that a stable (long-lived) quasi-
particle can only be de ned for small value bf which are the states lying near the Fermi
surface. For state at the Fermi surface, the fermions have in nite lifetime, or in other words,

in the FL theory the Fermi surface remains stable.

Quasiparticle scattering rate: Scattering process in the FL theory is controlled by the Pauli
exclusion principle, which restricts the phase space for scattering. The scattering phenomena

happen only within a small phase space volume near the Fermi surface due to conservation
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of momentum and energy. The dominant process is the scattering of a quasiparticle state to
another state via creation of a quasiparticle-quasihole pair. Suppose, a quasiparticle state with
energy 1 > g is scattered to a statg < ; > . To conserve energy, a quasiparticle with
energy 3 < ¢ will be excited to energy,, creating a quasihole at state. Such a process,
together with temperature contribution makes the scattering rate quadratic in excitation energy
and in temperature as

( )/ hz+ 2T2i: (1.1.25)

Whenj ,j << k T thermal excitation is the main reason for scattering, which gods'as
Forj pj >> k gT, the higher energy quasiparticle is dominated by ﬁ1dependence of the

scattering rate.

Resistivity: Starting from the Drude model and substituting the life time as above, one can

obtain the resistivity vs temperature relation as
(T)= o+ ATZ (1.1.26)

This resistivity is the electronic contribution. So the co-ef cigntomes from the electron-
electron scattering, and arises from the impurity scattering.? dependence of is consid-
ered as a halmark of Landau FL theory, and is used extensively in experiments to verify the

applicability of FL ansatz.

1.2 Non-Fermi liquid

Deviation from FL behavior, e.g., thE? dependence of resistivity or constant speci ¢ heat
coef cient, is considered as a signature of the non-Fermi liquid (NFL) behavior. One of the
main characteristics of FL state is the quasiparticle descriptions. On the basis of this ansatz
there are two distinct catagories of NFL state. First, there are a few cases of NFL state, where
it can be explained by approximate FL concepts. Such examples include FL with disorder

or Hertz-Millis model for quantum phase transition in 3D. Quasiparticle concept can still be



10 1. Introduction

used to derive the non-quadratic temperature dependence of resistivity or other temperature
dependent properties. In the second senario, the FL descriptions completely break down, and
new theoretical concepts and formalisms are needed to explain such states. Luttinger liquid,
fractional quantum Hall states are a few examples where fermionic quasiparticle excitations
do not appear. There are also other cases where a well-de ned quasiparticle description is not
at all possible. E.g., incoherent excitations lead to non-analytic behavior. A well-established
theory for the NFL state is not yet known, and it remains an interesting and open eld of

research.

There is a third way to look at the NFL states, and the non-analyticity that arises in such
states (Note that within FL theory also, instability such as Stoner, Pomeranchuk or Mott insta-
bility arises which are also signature of a NFL behavior. But, a generic NFL theory beyond
these instability is my present interest as seen in many materials). Instead of bulk proper-
ties like speci ¢ heat or resistivity, one can look into the NFL behavior in the spectral func-
tion in terms of self energy. In general the imaginary part of self-energy can be described as

1)/ j !jPatlowfrequency!( ! 0). p=2 isthe FL case and whgn< 2 the system
is said to be in NFL regime, which is re ected in the temperature exponent of resistivity. For
simplicity | assume no momentum dependencg. iihe real and imaginary part of self-enegy

are related by the Kramers-&mig relation as

Z
)y=p g (1.2.1)

1o |

whereP denotes the principle value. At low frequency the real part of self-energy becomes
Zj g
' o="P —5d! a (1.2.2)

From the above equation, it becomes clear4f 1the integrand diverges at zero frequency. So

the self-energy becomes non-analytic. Perturbative approach fails in such cases and demand a
completely new theoretical formalism. Howeverlik p < 2 self-energy is analytic at low
frequency and perturbative methods may be used to describe suchtatess the marginal

case where the self-energy is still analytical, and this is known as the marginal Fermi liquid

(MFL) behavior. Below, | brie y describe a few well-established theoretical models that gives
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NFL states.

1.2.1 Theoretical models for NFL

Multichannel Kondo model: In multichannel Kondo model, developed by Neas and
Blandin,[15] an impurity spin is coupled to several identical conduction bands which are also

called channels. The Hamiltonian is given by

X X
H¢ = kQm Am + J S, oA | (1.2.3)
k;m; kkOm;; ©
whereS is the impurity spina,, aym o = S are the spins of condunction bandsis the
Kondo coupling constant, and denotes the orbital channels or degrees of freedom. Three

cases can arise depending on the number of conduction channels:

1. m < 2S, there are not enough conduction channels to fully compensate the impurity spin.

Such undercompensated case may give rise to nonanalytic corrections to local FL behavior.

2. m = 2S, when the conduction channels completely compensate the impurity Spm.

1=2; m = 1 gives the normal Kondo problem. This leads to the usual FL behavior.

3. m > 2S, when the conduction channels overcompensate the impurity spin. Such case
leads to NFL behavior. The length scale over which the impurity spin affects the conduction
electrons diverges. Resistivity, speci ¢ heat etc. also show a NFL behavior. Exact solutions
of multichannel Kondo model for dilute impurities give the low-temperature power law be-
havior of the specic heat, and the spin susceptibility at zero magnetic eldSfer 1=2,

as[16, 17, 18]

C=T (T) Tmz % for m> 2 (1.2.4)
C,=T (T) log — ; for m=2: (1.2.5)
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The leading low-temperature power law for resistivity = 1=2andm 2is given by

2

T T, h = ;
(M) o ; Wwhere o m

(1.2.6)

Disorder induced NFL: As discussed in the context of multichannel Kondo model, there is a
characteristic temperatufig below which FL behavior is observed. The Kondo temperature
can be expressed in terms of microscopic paramdtensdN, the density of states at Fermi
energy.[19, 20] However, if the system has disorder it can lead to a distributitgn cdther

than a well-de ned value due to disorder induced uctuationsloindNg. In such situa-

tions NFL behavior can exist below the averdgefor the system. Such incidents have been
reported in metals near metal-insulator transition in alloys with two different non-magnetic
constituents.[21, 22, 23] In heavy fermion materials, NFL behavior is reported due to compe-

tition of Kondo screening and interactions of magnetic moments.[24, 25]

Near the critical point, disorder can lead to many anomalous behavior. It has been shown
that the interplay between disorder and spin uctuation near a quantum critical point may
result into a NFL behavior with resistivity given by o+ AT wherel 1.5. [26]

NFL behavior has appeared also in the context of Grif ths phase where the predicted NFL
behavior is described as a competition between RKKY spin interactions and Kondo-moment
compensation effect in disorder system.[27] In spin glasses, resistivity o + AT 1® has

been predicted in disorder model.[28]

Spin uctuation mediated NFL: A quantum phase transition is charaterized by a contin-
uous phase transition at zero temperature, which is usually driven by quantum uctuation due
to some non-thermal control parameter.[29] Near the critical value of this control parameter
(critical point), scaling laws with different temperature exponent deviate from the FL result. In
a classical phase trnsition (phase transition at nite temperature), there is an order parameter

which goes to zero at the transition point. Classical partition fundigrtan be written in
terms of this order parameter eld(r) which is time independent, and the Landau-Ginzburg-

Wilson free energy functionddf g[30] is de ned by

Z
Zy=2% De Falo (1.2.7)
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where = 1=kgT. In case of a quantum system, the order parameter eld has a time de-
pendence, and the partition function can be written in a similar manner considering imaginary

time such as

Z
Zo()=2° D (r; )e 9 (1.2.8)

whereD denotes path integral. The order parametesatis es the condition (r;0) =

(r;~ ) andS denotes the Euclidian action given by

4 4

Sf g= d difLf (r;)g; (1.2.9)
0

wherelL is the Lagrangian density. The Fourier transformation of the a&i¢say for insu-

lating magnet) can be written as

1 X h

i
Sf g= 7 ki, o * Skz 'ﬁ ki, T Sy, (1210)

k;l'n

with! , = 2 nk g T is bosonic Matsubara frequencyis the non-thermal control parameter,

k is the wave vector of order parameter eld, a8glis fourth order term. Distance to the
critical value of the control parameter.) is denoted by = .. For nite temperature

phase transition, only the, = 0 term contributes, but for th& = 0 phase transition, all

other frequencies also contribute. Thus, in quantum phase transition, temporal fuctuations
become important. And because of the difference in the gradient of energy in spatial and time
direction, the system becomes anisotropic in time and space. This anisotropy is characterized
by a dynamical exponertt, which is de ned by the relation k?. Thus the effective
dimension near the critical pointdgss = d+ z. Near the phase transition point, the correlation

length and correlation time diverge, which is given by the relation
jri ; and Z (1.2.11)

The exponent in quantum phase transition is different from its classical counterpavthere
the laterisgivenby | T T4 ©.

For T 6 0 the quantum system has a nite length in time direction = ~ where
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Figure 1.1: (a) Schematic phase diagram of a generic quantum phase transition due to spin
uctuation. (b) Schematic phase diagram of Millis model of quantum phase transition with
antiferromagnetic order. Region | is the FL region, region Il is quantum to classical crossover
region and region Il represents quantum critical region. In both gures (a) and (b), T denotes
temperature and is the non-thermal control parameter such as doping, pressure or external
magnetic eld, and . is the critical value of the parameter representing quantum critical point

(QCP).

= 1=kgT. Fig. 1.1(a) shows a generic phase diagram near a quantum critical point. For
r < 0and lowT, there is an ordered phase. The disordered phase on the other hand can be
divided into separate regions -

() Atlow T andr > 0, itis a quantum disordered state whére>> | and thermal ef-
fects are negligible in this region. FL behavior is expected here with well de ned quasiparticle
excitations.

(i) T > Tcandr < 0 is the thermal disordered region, where the order in the ordered
phase is destroyed by thermal uctuation. In this region quasiparticle is still well de ned and
L >>

(i) In the region above quantum critical point >> L , the quasiparticle is no longer
well de ned. Instead there is a critical continuum of excitations which results into unusual
power law in temperature.

Antiferromagnetic and ferromagnetic ordered phases near QCP has been studied exten-
sively by Hertz[31] and Millis,[32] which shows the value of the dynamical exponent for anti-
ferromagnet iz = 2 and for ferromagnez = 3. So for three dimensional syatems, the effec-
tive dimension is always greater than the upper critical dimensign(E d+ z) > d¢ (= 4)].

A schematic phase diagram for the Millis model in the antiferromagnet phase is shown in
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Fig. 1.1(b). As discussed in the previous paragraph, antiferromagnetic order appears for low
T andr < 0. The disordered phase has different regions (see Fig. 1.1(b)). Region | is the
FL region where quantum uctuation dominates over thermal uctuation. Region Il is quan-
tum to classical cross over region where uctuations are of the ord&g ®f Region Il is
thermally controlled region with critical excitations where temperature exponent has different
values than FL. For the antiferromagnetic case, o+ aT>?,C=T = ap T and for

ferromagnetic case= (+ cT, C=T = alog(To=T).

Apart from Hertz and Millis theory, NFL behavior near QCP is also described by so-
called self-consistent renormalization (SCR) model developed by Moriya, Takimoto,Kawabata
Hasegawa.[33, 34, 35] This model includes some additional coupling between spin- uctuation
than in the theory of Hertz and Millis. SCR model is a one loop approximation for spin uctu-
ation scattering. It considers wealy inteacing spin uctuation to give a systamatic treatment of
mode-mode coupling between spin uctuations at wavevegto!0 and at wavevector of an-
tiferromagnetic ordeq = Q. SCR theory successfully predicts the transition temperature for
a large number of- andf - electron system. It also predicts the same temperature dependence

near QCP as in the Hertz-Millis model.

Marginal Fermi liquid (MFL): Marginal Fermi liquid theory proposed by C. M. Verma|36]
was aimed to describe linear resistivity behavior in context of Aiigeuperconductors. MFL
phenomenology assumes that polarizabilit¥ lfas a low energy scale that depends on tem-

perature over a wide range of momentum, charge and spin which is given by

Im(P) Noo

. | << T
T1 k)
No; T<l<<! g (1.2.12)
!
Re(P) NoIn ? (1.2.13)

where! . is a cut-off energy. For momentum independent model, which occurs if the Fermi

surface is circular, the self energy depends on the frequeranyd temperaturé, and takes
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the simple form[37]

|
iimax(j!j;T)+! In YC ; for x=max(j!j; T). !¢

(5T)
iE! o for max(j!'j; T) >>1! . (1.2.14)

An anisotropy of band structure and consequently anisotropy in Fermi surface would modify
the self energy with an additional momentum dependent term &s g(k) whereg(k)
describes the momentum dependence. It is straightfroward to calculate speciC\heatd
resistivity from the above self-energy correction. Heat capacity in the leading order of temper-
ature goes a€y T In(1=T) and the dc conductivity can be calculated from Kubo formula

and forT ! Ois given by

1

dC(T) / m

(1.2.15)

which gives a temperature dependence of resistivit(@g / T.

My work as presented in chapter 2 extends the above calculations to momentum dependent

exponenp, and its manifestation to the NFL behavior.

1.3 Unconventional superconductivity

First successful microscopic theoretical description of superconductivity was given by Bardeen,
Cooper, and Schrieffer (BCS theory) in 1957.[38] They assumed a coherent ground state which
consists of pair of electrons known as Cooper pair. Such a ground state gives lower energy than
the ground state energy of the Fermi sea. Such a pairing between electrons can be obtained

from an one-band interacting Hamiltonian as

X X
H = ulkC¥SCks+ ka00¥+q;"cio q;#CkO#Ck": (131)
kis k:k%q

D E
A Cooper pair order parameter is de ned &g, ;. Glo 44 - The most relevant contribution

to superconductivity comes from the case where the total linear momentum of a Cooper pair
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Figure 1.2: Feynmann diagrams for (a) Dyson's equation, and (b) the RPA self-energy. The
single solid line represents non-interacting Green's function, the double solid line represents
interacting or dressed Green's function, and the curly line represents the Coulomb interactions.

vanishes and the Hamiltonian becomes

H = X " Cl<Ces + X Vi oG+ € .4C ko4Cror: (1.3.2)
k;s k;kO
In BCS theory, the interaction term is given by the electron-phonon coupling, which results
into an attractive channel between the electrons to form a pair. The resulting Cooper pair has
the most symmetric form, which is tleewave pairing with vanishing relative orbital angular
momentum. For the-wave symmetry, the spin has to be singlet to satisfy the antisymmetry
condition for fermions. This is refered to conventional superconductivity. In the unconven-
tional superconductivity, the pairing happens in lower symmeprwdve,d-wave etc.) forms
and in the singlet or triplet channels.[39, 40, 41, 42] The mechanism of unconventional su-
perconductor is still an open eld of research and there exist many theoretical proposals. As
presented in chapter 3, | am interested in a superconductivity from repulsive Coulumb interac-
tion, which arises from spin- uctuations.
| start with a Coulomb interaction term as
z
Hie = drdr®O (r 19 o (r) «(r9; (1.3.3)

whereU is the strength of repulsive contact interactiog(y) = c(r)cs(r) denotes the density
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of electrons with spirs. Polarized electron spin acts like a local magnetic eld, which is given

by
U
Bert (r;t) = ——S(r;1); (1.3.4)
.

whereU = U= ( isthe volume). Linear response theory can connect the electron spin and

the magnetic eld with the response function dynamical susceptibili&s

Z
SretY= g drdt (r® r;t® t)Bes (r;t); (1.3.5)

which results into the spin uctuation Hamiltonian as

uz?
Hy = = drdrftdt® (r° r;t® )S(r;)S(rot)
UZZ X X n o n 0
= Z d' Re[ (q’l)] q¥+q;sl Sl;Szck;Sz : C1¥0 q;S3 S3;S4Ck0;84
q;k;k0 S1;52;53:54
(1.3.6)

By following the similar procedure as the BCS Cooper pairing with vanishing linear momen-
tum, one arrives at the pairing potential due to electron-paramagnon coupling from spin uc-

tuation exchange mechanism, which is given by

X X
He = Vicikosyisaissisa Ghisy € kisy € KOs CiOsa (1.3.7)

k;k0S1;52;53;54

where
U2
VkikOsyiszisaisa = jRe[ (a=k K& = 4 kO] sisot sasa (1.3.8)

The susceptibility can be split into spin and charge channels, and can be evaluated by RPA
approximation by considering the diagrams as shown in Fig. 1.2(b). By summing over the

diagrams, one arrives at the RPA susceptibility expression given by

S=C{~ - _ O(q;! ) .
(@;')= T U .@1) (1.3.9)
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where 57¢ represents spin/charge susceptibility, andq;! ) is the Linhard susceptibility

given by

1:(k) f(k+q)

P+ kT k+q

oa;!) = (1.3.10)

k

With this de nition of susceptibility and from Eq. (1.3.8), the pairing potentials for singlet and
triplet channels are given by[43, 44, 45]

' 2

vonget = li Re[3°(a;!)  “(a:!)]; (1.3.11)
) 2

W = Rel ait) (@i (13.12)

With these pairing potentials, the generalized BCS theory can be used to solve for supercon-

ductivity. The generalized BCS Hamiltonian can be written as,

X X X
H gen — "kCKkaS + ka 0;51323354(i;slcy k;szc k0s3 Ck 0s, - (1-3-13)

k;s k:k0S1;52;53;S4

The mean- eld Cooper pair eld is de ned d%.sso = It ¢sCsoi , and the mean eld Hamilto-

nian becomes

mf X " 1 X h !
ngn = kclzscks é k;Slszclz;slcyk;sz + k;slsgckslc ks
k;s k;s1;82
1x X D .
> Vik siszs3s0 s, © ks, T k03 Ckos,i + small terms;
k;k0S1;S2;53;54
(1.3.14)
where .so IS the generalized gap function de ned by
kiss0 = Vi 'k 0:55053.54 b :S384 7
k%s3s54
kiss® = Vko;k;slszsoskkslsz: (1.3.15)

kCs;s3
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In this notation the generalized gap function is represented by a matrix in the spin basis as
he=g§ O KL (1.3.16)

And this gap function is related to the Cooper pair wave function by Eq. (1.3.15). The gap

function can be written in terms of momentum and spin parts as
kiss? = (K) ss0; (1.3.17)

where is the spatial momentum part, ands the spin part. Due to antisymmetry property of

Fermions, the momentum and spin part are related as follows

Even parity : ( k) (k) s (1=0;2:2);
50 = ;("# #' ) singlet (1.3.18)
Odd parity : ( k) = (k) s0 (1=1;32);

;("# + #") triplet :

ssO  —

Hit (1.3.19)

In this generalized BCS set up, conventional superconductivity of the BCS theory due to elec-
tron phonon coupling correspondslte 0 singlets wave pairing. However, there are other
unconventionas (I = 0) wave pairing like extended-or s pairing, where pairing eigenval-

ues change sign on the Fermi surface. The other lower symmetry gap funétrrs g; ::)

are considered as unconventional superconductivity. In chapter 3, | extend the formalism in

Eq. (1.3.15) to a multiband case and solve for twisted bi-layer graphene.

1.4 Topology

In this section the topology in physics is introduced in a general framework of eld theory.

| start with the Fermionic -model ind (= 1;2) spatial dimensions. The Lagrangian for the
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model is given by[46]

L, = iD+im( 1+i5 2) for (1+1)dim; (1.4.1)
L, = iD +imn: for (2+1)dim; (1.4.2)
where represents a Dirac fermio®), = (@ iA ), A isthe abelian gauge eld, s are

-matrices, and s are Pauli matrices. Further, a positive value of mass (0) is assumed.
The chiral elds( ;) introduced in the above equations b= 1 can be written as a phase
1+1i o,=¢ ,andford =2, itis aunit vectom = (ny; ny; n3). The topological charge for

: - R 4 :
the system can be written as a spatial inte@a  d°xJg, whereJ, is the zeroth component

of the topological current iid + 1) dimension, which is given by[46]

Qu ; (1.4.3)
n:@n @n: (1.4.4)

1+1): J

2+1): J

From the above equations the zeroth component can be written as

(1+1): Jo = @. (1.4.5)

@ !
1. @ @ @ @
8
1
4

@+D: Jo = g Gy @y @y @x
@ @

n: @x @y (1.4.6)

Ford = 1, Q can be associated with winding number in 1D system andifer2, Q can

be associated with the topological invariant of the system like Chern number for topological
insulators or skyrmion number for topological spin-texture. In the following sections, various
topological concepts and their physical origins are brie y described for electronic structure
(topological insulators) and spin systems (magnetic skyrmions). These concepts will be useful
in Chapter 4 and 5, where skyrmions and topological insulators in the bi-layer systems are

described.
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1.4.1 Berry Phase and Chern number

Quantum mechanical wavefunction can be changed undét ptransformatiory i = € j i

without changing its properties. Such an ambiguity of phase does not appear in the expectation
values of the observables. In case of a lattice, the quantum mechanical states are represented
by the Bloch states, and similar phase ambiguity apppais! € juki, wherek is the

crystal momentum and has the periodicity of the reciprocal lattice vectqt. g = uk. If

is independent ok, then the phase does not appear in de ning various properties. But such a
global gauge can not always be de ned in the entire Brillouin zone. Therefore, one needs to

use a&k-dependent gauge transformation as
jugi ! € Mijugi: (1.4.7)

But such a local gauge transformation in the momentum space requires a gauge eld to make
the derivative term in the Hamiltonian to be gauge invariant. This is called the Berry connection[47]

as de ned by
Ay = thkjr kjuki: (148)

Under the gauge transformation of Eq. (1.4.7), the Berry connection changgs!asAy +
r « (k),which is analogous to the electromagnetic vector potential. By following the analogy

further, the gauge invariant Berry phase can be de ned as

I 4

c= A:dk= Fdk; (1.4.9)
C S

where the rstintegration is along a closed loGp and the second one is a surface integration

in k-space, an® is the Berry curvaturedenedds =r A.

To explore a simple physical meaning to the Berry phase, | consider a Hamiltonian of
the formH (k) = d(k): , where denotes Pauli spin matrices. Berry phase for such a
Hamiltonian along a closed loop in k-space is the solid angle covered c’b@k) ask goes

around the loop. Then the Berry curvature is interpreted as the solid angle per unit area in the
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k-space, which is given by
1

And whenF is integrated over the Brillouin zone, we can count the number of tﬁrwsips

around the unit sphere created by it. This is denoted by the Chern number[48, 49] given by

z

n= i Fdk; (1.4.112)
2 s

which serves as the topological invariant of the system. More physical insights into the Chern

invariant can be gained from considering Thouless charge pump.[50, 51]

1.4.2 Thouless charge pump and bulk boundary correspondence

Berry phase can be connected to the polarization of the band structure. To illustrate the idea,

let us consider 1D system for which polarization can be given by

P=2 A(K)dk: (1.4.12)
2 BZ

In 1D the above expression is not gauge invariant, because a gauge transfojomation

€ MWjuci (or equivalentlyA, ! Ay + r  (k)) will change the polarization @B ! P +

ne (note that ( =a) ( =a) =2 n). To remove the gauge dependence, | consider a
Hamiltonian with a tuning parametérsuch that whenn = T the system comes back to the
initial state; Or in other words the Hamiltonian is periodid inH (k;t + T) = H(k;t). Now

the change in polarization can be shown to be gauge independent as

P = P(t=T) P(t=0)
| |
- £ A(K):dk
2 7 Ci=T1 Ci=0
= 2 Fdkdt= ne: (1.4.13)
2 s

In the above equation, the line integral is taken in two dimensional space spankehty.

At every cyclen number of electrons are transported from one edge to the other, even if there
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is a bulk band gap. In this manner, the polarization which is a phenomena at the boundary can
be connected to the Chern number which is a bulk property. I i®called Zack phase. In

case of a nite size 2D system, similar argument can show the appearance of the conducting
edge states whem 6 0.[52] These edge states have interesting properties. Since these states
depend only on the topology of the system they are robust against disorder, and they are chiral
since they propagate only in one direction. Although the number of these edge Kiates (

right moving stated\, for left moving states) is not xed, the difference between the number

of right moving and left moving states is xed, and is connected to the Chern number as
Ng N_L= n (1.4.14)

where n is the difference in Chern numbers of the two systems accross the boundary.

1.4.3 2 topological invariant

If the system has time reversal symmetry, then the total Chern number vanishes. But a new
topological invariant can be de ned, which takes two valuesgfafid such systems are called

Z, topological insulators.[53, 54] The time reversal operator is an antiunitary operator given
by = €S5y=K,whereS, is the spin operator, aridl is the complex conjugation operator.

has the interesting property that = 1 for spin% systems. If a Hamiltonian is time reversal

(T) invariant, then it should follow Kramer's theorem, which states that isymmetry is
maintained, all eigenstates of the Hamiltonian are at least twofold degenerate (FibxZjtin

is twofold, and for other half-integer spin, degeneracy can be twofold or more). In a system,
where spin-orbit coupling (SOC) is absent, Kramer's degeneracy is the degeneracy between
up and down spins. And if SOC is present, then spin is no longer a good quantum number,
but the same conclusions can be drawn in some other basis, which is called helical basis. At
the high symmetryk points in the BZ,k point coincides with itsT partner, which is k.

These are called invariant momentum points. For example, in 1D, there are two such k
points K = 0; =a) in the half BZ. Only the half BZ is considered because the other half
should be symmetric due to tAe symmetry. In 2D square lattice, there are four such points

((kx;ky) = (0;0);( =a; 0);(0; =a);(0; =a)), and in 3D cubic lattic, there are eight such
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Figure 1.3: Two different types of edge states with Kramer's degeneracy - (a) the edge states,
crossing the Fermi energy, are not connected to the valence or conduction bands, and have
even number of crossings at the Fermi energy leading to topologically trivial state; (b) The
edge states are connected to the valence and conduction bands with odd number of crossings
at the Fermi energy leading to toplogically non-trivial state.

points and so on. Th& invariant Hamiltonian satis es the relationH(k) = H( k),

and has Kramer's degeneracy of the edge states af tiiwariant momentum points. Away
from T invariant momentum points, if the Hamiltoninan has SOC, the degeneracy is lifted.
With this picture in mind, it is possible to argue that there can be only two values of the
topological invariant for such systems.

Let us consider & symmetric 2D system with periodic boundary condition in one direc-
tions (x direction) and edges in the other directigrdjrection). If this system is topologically
nontrivial, it should have gapless edge states. Skpde a good quantum number in this sys-
tem, half of the BZ is taken in thig, direction0 < k, < =a . Two T -invariant k pointsk, = 0
andk, = =a have degeneracies, which can be ful lled in two ways as shown in Fig. 1.3(a)
and (b).[55] This is a generic bandstructure with Kramer's degeneracy, which consists of bulk
bands which are gapped and the edge states are metallic. In Fig. 1.3(a), the edge states maintain
the degeneracies in a way that they do not connect to the vallence and conduction bulk bands.
With disorder, such edge states can be moved so that it does not cross the Fermi level, and thus
has a trivial topological property (topological index= 0). On the other hand, Fig. 1.3(b)

shows the edge states, which connect the vallence and conduction bulk bands, and cross the
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Fermi level, which cannot be removed by disorder. This has non-trivial topologyl(). In
general, if there ar®lx number of points, where Kramer's pair cross the Fermi level in the

half BZ, then the topological index is given by[56]
= mod (Ng;2): (1.4.15)

If the full BZ is considered, then there are always even number of edge states. For example,

where thez-direction of spin is conserved, the sum of the Chern numbers for both up and down

spins is zero; but their difference gives a nonzero value, and topological invariant is given by
= mod ((n- ng)=2;2). For more general formulation of,Znvariant, Bloch functions

can be used to de ne a unitary matrix[57]
Wmn =< Un(K)j] jun( k) >; (1.4.16)

where the indicem andn run over occupied bands. At tAe-invariant points ,, thew matix

is antisymmetric, and one can de ne

= = 1.4.17
detw( a)] ( )

Thus, , can be de ned in eacH -invariantk point. Since there is a gauge ambiguity in

de ning eigenvectorsu, (k)i, the gauge must be chosen continuously in the whole BZ, which

is always possible for Ztopological insulators, because the total Chern number of occupied
bands is zero in these systems. There are various numerical methods like parallel transport
of eigenvectors, Wannier function method, Wilson loop method to de ne a continous Bloch

wavefunctions. The Zinvariant, , is given by[57, 55]

Y
(1) = a (1.4.18)

a=1

wheren is the total number of invariantk points in the half BZ.



1.4. Topology 27

Figure 1.4: Band structure (red) and zeros of Green's function (blue) for Kane-Mele model[54]
ith three stes of staggered potentigland spin orbit coupling strengthso - () for >

3 3 5o, zeros of Gr%en's fuction does not cross in the band gap region, giving a topological

trivial state, (b) , =3 3 5o is the transition point, where zeros of Green's E’u_ction just cross

in the band gap region, giving a topological non-trivial state, and (c) fox 3 3 5o zeros

of Green's fuction cross in the band gap region, giving a topological non-trivial state.

1.4.4 Green's function method to detect topological insulators

A recent study by Misawa and Yamaji showed that the Green's functions can be used to detect
the topological non-trivial states in 2D and 3D.[58] Other methods mentioned above require
the knowledge of the eigenvectors and are numerically expensive for large Hamiltonians. For
multiband systems, the Green's function is a matrix in band agjg(k;! ), with m andn
representing band index. Green's function method considers only the diagonal component of
the Green's functiorG,(k;! ) for m = n. Zeros of the diagonal component of the Green's
function cross each other in the band gap region for topological insulators (see Fig. 1.4(c)),
and the crosses are guarenteed by the existence of gapless edgestates. Diagonal component of

Green's function, expressed in terms of Bloch wavefunctions is given by

X ju™ k)j2

Gn(k;!)z(” H(k))nnl= - W,

(1.4.19)

whereE; (k) is theith eigenvalue of the Hamiltonidd (k), andui (k) is thenth component of

theith eigenvector, antll is the rank of the Hamiltonian matrix. It can be shown thatritie
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component can be written in terms of eigenvalues of the Hamiltonian and the minor matrix as

X det(! In 1 Mqa(K))
o, det(! Iy H(k))

N EMaK),
SN EHE)

Gn(k;!)

(1.4.20)

whereE;(A) denotes theth eigenvalue of matriA, andM,, is the minor matrix created by
removingnth row andnth column fromH. From the above equation, it can be seen that

the zeros of Green's function can be determined from the eigenvalues of the minor matrices,
and the poles of the Green's function are the eigenvalues of the Hamiltonian. The poles will
give the bulk band structure, and if the zeros are plotted along with the bulk bands, there will
be crossing of zeros in the band gap energy region (see Fig. 1.4) for a topological insulator.
The number of crosses of zeros is gauge invariant. Further it can be shown tinatfoed
degeneracy in the edge states impiregold degeneracy in the zeros of bulk Green's function,
which crosses in the band gap region. Thus the edge states induce the crosses of zeros of the

Green's function.

1.4.5 Topology in spin texture

Topology inO(3) spin system in 2D can be described by a skyrmion number. The concept
of skyrmions was originally proposed by Skyrme in the context of high energy physics.[59]
In quantum eld theory, particles are described by the excitations of the elds. Hence, the
stability of particles is very dif cult to explain by considering energy. According to Skyrme,
the paricles are stable due to topological protection, which is characterized by some topological
invariant (integer number). This cannot be changed by a continuous deformation of the eld.
Thus, skyrmions can be viewed as a topologically stable eld con guration. Apart from high
energy physics, it also appears in condensed matter systems in various elds like quantum
Hall system[60], liquid crystal[61], Bose condensate[62]. In 2D chiral magnets, the local
magnetization can play the role of elds, and the skyrmions can be described by the spin
texture of the system.[63, 64] These are called magnetic skyrmions, which will be the topic of

discussion in chapter 4 of this thesis. A magnetic skyrmion can be characterized by an integer
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winding number also called the skyrmion number, which is given by[65, 66]

_Cdxdy @ @
°F 4 "ex ay

(1.4.21)
Heren(x;y) denotes the eld con guration of unit magnitudgn(x;y)j = 1). Depending

on the values of), the spin texture can be categorized in different classes like bi-skyrmion
Q= 2),skyrmion Q= 1), meronQ = 0:5). Here, we assume that the magnetization

or spin orientation at the core center is negative. For the same magnetization direction at the
core center, there can be topological stucture like antiskyri@ienl or antimerrorQ = 0:5.

For core magnetization with opposite direction, all the topological numbers change sign. Apart
from these structures, there can also be combinations of them, e.g., a bir@eron (1)

consisting of a meron wit = 0:5and an antimeron wit =  0:5.

There can be distinct skyrmion types with the same topological charg®egenerate
skyrmion solutions can exist with different in-plane spin-orientation. This can be distin-
guished with additional quantities - vorticity numb@,, and helicity numbeQy.[66, 67]

To extract these numbers, we use the polar co-ordimateér cos;r sin ). The symmetry

of skyrmionic structure permits us to writgr) in terms of polar angles as[68]
n(r)=(cos ( )sin ( r);sin ( )sin ( r);cos (r)); (1.4.22)

where depends only on, and depends only om because of symmetry of skyrmionic
structure. The skyrmion number can now be writterQas [cos ( r)]EO1 [cos ( )] zg .
Assuming a spin down state at the core cemter 0O, and spinup at ! 1 , we have
[cos ( r)]ﬁio1 = 2. Then vorticityQ, can be de ned by the nature of in-plane orientation of

the spins, which is given by

_leos (0T

5 (1.4.23)

Qu

The helicityQy, can be de ned as a phase, as given by

( )=Qv + Qn: (1.4.24)
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These three numbef®; Q,; Qn) completely catagorizes skyrmionic stucture. There are mainly
two types of skyrmion depending on the in-plane spin orientation - Bloch skyrndgn=

=2or =2), and Neel skyrmion Q, =0 or ).

Magnetic skyrmions were rst observed in MnSi in the presence of an external magnetic
eld.[69] The observed spin structure indicates the formation of a lattice, which consists of
two-dimensional skyrmions. The periodicity of skyrmionic lattice de nes a new magneic unit
cell, determined by some long-ranged interactions like dipole, or by some chiral interaction
like Dzyaloshinskii Moriya interaction (DMI). There have beeen intense theoretical and exper-
imental studies of skyrmions in 2D lattices and thin Ims. Magnetic skyrmion often appears
as a spin con guration allowed by classical solution of the non-linear sigma model. However,
the main challenge lies in stabilizing a skyrmion solution at a saddle-point energy minimum,
requiring distinct magnetic interactions and frustration. Long-range dipole-dipole interaction,
in addition to easy-plane magnetic anisotropy and magnetic eld, was initially proposed to
mediate skyrmion solution.[70] DMI brings in the chiral spin-spin interaction required for a
skyrmion solution [71, 72, 73, 74, 75, 76] and favours coplanar stucture. On the other hand, the
ferromagnetic exchange interaction favours spin alignment in z direction. But presence of both
DMI and ferromagnetic exchange interactions makes a spatially varying magnetic texture to
have a lower energy than the mean- eld long-range magnetic order. Geometrical and magnetic
frustration can also stabilize skyrmion structures [77, 78, 79, 80]. This is induced, for example,
in a triangular lattice by the competition between a ferromagnetic nearest neighbour (NN) ex-
change with an antiferromagnetic next nearest neighbour (NNN) interaction. Apart from these,
more recently, spin-orbit coupling[81], Kondo coupling[82], and magnetic disorder with the
application of magnetic pulse [83] are shown to assist skyrmion solution. Proposals to obtain

skyrmions via quantum Hall substrates[84] and optical lattices[85] are also presented.

In chapter 4, I'll return to this topic where we describe more details of skyrmions in thin
Ims of Van der Waals (VdW) magnets and explore the formation of exotic skyrmionic phases

in twisted bilayer geometry.
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1.5 Moiré pattern and twisted bi-layer

Recent development has made it possible to construct bi-layer lattice. Physics in bi-layer sys-
tems sometimes are markedly different from the original 2D lattice. For example, in single
layer graphene, the band dispersion shows a linear behaviour near the Dirac point in the mo-
mentum space; whereas bilayer graphene with Bernel stacking shows quadretic dispersion.[86]
There are also various other possibilities to construct a bilayer depending on the stacking (AA
stacking, AA-; stacking) of the lattice points between two layers, which also in uence the
inter-layer tunneling. Interlayer tunneling plays an important role in bilayer systems. In fact,
many interesting physics can be interpreted as a result of the inter-layer tunneling. In case of
magnetic bi-layer, both layers are connected by the weak Van der Waals force. Therefore, mag-
netic interactions between them is very weak. But even such weak magnetic interaction can
change the properties of the system considerably. For example, bgl&oms ferromagnetic
behaviour whereas a bilayer (AA stacking) of £shows the ferromagnetic spin allignment in
each layers, and antiferromagnetic spin allingment between the layers.[87] Interlayer tunnel-
ing becomes even more interesting, if the stacking is position dependent; or in other words, as
we move from one position to other the nature of the stacking changes. Such things happen if

there is a mismatch betwwen the two layers, and this gives rise to thé [daftern.

Moiré pattern in bi-layer system can arise in two different ways - by lattice mismatuh
by a relative twist angle between the layers, or by the combined effect of both.[88] Let us
assume two layers of hexagonal lattice with lattice consdarinda? (for layer 1 and layer
2[see Fig. 1.5]), and their latice vectors are oriented in the same direction. Mismatch between
al anda? is given byl + = al=&, with the assumptioa! > a2. If the relative rotation

between layer 1 and layer 2 isthen the relation between lattice vectors are given by

MRa?;

a? = R M ‘'a}; (1.5.1)

whereM = (1+ )I, andR is the rotation matrix with angle, andl is the identity matrix.
The displacement vectors betwegnanda?is (a!)= a' a?=(1 R M 1Yal. Atthe

Moiré lattice vectoa!", the displacement vector must coincide vafh( (a™) = a?) and we
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Figure 1.5: Bi-layer Moie pattern created (a) by twist between the layers with twist angle
and (b) by lattice mismatch between the layers. For both cases, unit cells of single layer are
shown at the bottom (blue for bottom layer, magenta for top layer).

obtain
a"=(1 R M 1 tax (1.5.2)
The reciprocal lattice vector is given by

m"=(1 M 'R)bf; (1.5.3)

whereb! is thei-th reciprocal lattice vector of layér The length of the Mot lattice vector
am = ja"j is given by
1+

a" = q az; (1.5.4)
2+2(1+ )@ cos)
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and the angle betweef anda/" is given by

1 sin

=tan _—
1+ cos

(1.5.5)

When there is no twist, we set= 0 and if there is no missmatch, we set 0. Below we

discuss both the cases seperately.

If there is mismatch between the lattice constarasanda? of the two layers without any
twist, then the lattice costant of the M@ipattern is given b@™ = (1 + 1 = )a?. In de ning
the Moiré lattice constant this way, one must assum& 1. It is evident that the Mo#&
lattice consists of many lattice points of the original 2D lattices, and@scomes smalleg,,
becomes larger, and more 2D lattice points are added, which eventually lead to the continuum

limtas ! O.

If there is no mismatch of lattice constanésdenotes the lattice constant of the 2D lattice),

for a small twist angle, the Moité lattice constant is given by

an= 2 . (1.5.6)
25'”5

There are some values of the angJéor which commensurency occurs, which is given by

_ 3p?+3pg+ &

©° = pe3pgr

(1.5.7)

wherep andq are coprime integers. Although commensurate angles appear at small as well as
large angles (fromto = 3) the formula fora™ holds for small angles, and adbecomes small
the number of commensurate angles increases, and!fol0, one approaches the continuum

limit.

Fig. 1.5 shows the formation of Mdrpattern in a 2D hexagonal bilayer., anda, denote
lattice vectors of the single layer hexagonal lattice. When two such layers are brought on top
of each other and are given a twist of anglehe magnitude of the lattice vector of the Mir

superlattice is given bg" &=, anda™ is perpendicular ta; (see Fig. 1.5(a)). So one can
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write

1
a"= -2 a: (1.5.8)

In a similar manner, we can connect the reciprocal lattice vectors of the 2D hexagonal lattice,

and the reciprocal vector of the Méisuper lattice and is given by

b,m = 2 Db (1.5.9)

Note that the prefactor here isinstead ofl= , which indicates that a large super lattice im-
plies a small BZ. In Fig. 1.5(a), we can see that different region of the &miper lattice
have different stackings (AA,AB or BA). Such variations in stacking give rise to nontrivial
inter-layer tunneling for electronic structure,[89] and nontrivial magnetic coupling for spin

systems.[90, 91] We brie y discuss both of these aspects.

Band structure of twisted bi-layer graphene (TBG) has been studied earlier by Mcdonald
and his group.[89] After the recent discovery of superconductivity in TBG,[92] the eld is
explored in great details, and there are many papers on various aspects in recent years.[93]
One of the most interesting properties is the emergence of at bands at some speci ¢ twist
angles, called the magic angles. Flat bands imply a large density of states (DOS) at the at
band energy, because D@S1=r . And since the band velocityr |, velocity is very
small. This means that electrons move slowly in a densely populated region and such electron’s
motion is in uenced by the other ones. In other words, their motions are correlated. Such a
strongly correlated physics is interesting in its own right. And in TBG, it is mostly caused
by the interlayer interaction in twisted geometry because its properties are markedly different
from the original graphene. The superconducting phase diagram in TBG has similarities with
the famous cuprate phase diagram. In addition, tunability is very high in TBG. As a result,
it is possible to tune different parameters to explore the phase diagram experimentally and
thereby unravel the mystries of superconductivity, specially unconventional superconductivity
as in cuprate. There are also many studies about the phonon mediated superconductivity in
twisted bi-layer systems.[94] Topological band structure is also being studied i@ ftiern

in TBG and bilayer dichalcogenides.[95]
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Apart from electronic structure, spin texture is also interesting in #piatterns. For
different nature of stacking in different region, the spin-spin interaction may vary. One DFT
study indeed showed that the inter-layer coupling may be ferromagnetic or antiferromagnetic
depending on AB or AA stacking in bilayer hexagonal lattice.[90] Such a position dependent
exchange coupling can be expressed(as; x%, wherex andx®denote position vectors in
the top and bottom layers respectively. However, in continuous model (small twist angle), the
position vector in a Mok unit cell can be expressed by a single variabler both the layers

and the classical energy density can be written as[91]
Ho= J°%( X)M My (1.5.10)

whereJ%is a constant,( x) is the spatial modulation of the exchange coupling, &hgd
M , are the order parameter (local magnetization) of the 2D layer spins. By considering the

symmetry of the Moie super lattice( x) can be written as

X g
(xX)= o+ €97 (1.5.11)
q60
whereq™s are the rescaled M@reciprocal lattice vectorg{ = ™). For a simple case, only

rst harmonics are present and the space modulation part is given by

x3
(xX)= o+ cosb":x); (1.5.12)
i=1
where only rst three reciprocal lattice vectors are present. In chapter 4, I'll discuss Fer-

romagnetic bilayers with such a simple interlayer coupling, which leads to many interesting

spin-texture in twisted bilayer systems.
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Chapter 2

Co-existence of Fermi liquid and

non-Fermi liquid

2.1 Introduction

In the previous chapter, Fermi Iquid (FL) and non-Fermi liquid (NFL) theories were described
along with various models that give rise to non-Fermi liquid behaviors. In the cuprate materi-
als (La xSrLCu(Q,,YBa,CusO7  etc.), the development of NFL phase in the optimal doping
region, as shown in Fig. 2.1, is studied extensively.[96, 97, 98, 99, 100, 101, 102] The super-
conducting phase diagram (see Fig. 2.1) indicates the NFL region dissects the phase diagram
between an ordered phase and the FL state and the superconducting optimum transition tem-
perature () occurs in the NFL region. Interestingly, the temperature exponent of resistivity
decreases smoothly from= 2 at the FL region ton = 1 at the NFL region and. increases

asn decreases. Such a change in resistivijytémperature™) dependence between FL and

NFL sysytem is also re ected in the frequendy)(dependence of the imaginary part of the
self-energy ( ° which goes a¢ 2 for FL and! for marginal Fermi liquid (MFL). Simpli-

ed picture provides a direct correspondence between the two behavior by assuming that the
scattering rate () for resistivity solely comes from its nite-lifetime () featureas */ @
Applying the scaling analysis at low-temperatures, we nd that a FL transport behavior im-

plies long-lived, coherent quasiparticles f ! 12 T?2), while the NFL resistivity means
incoherent many-body states ¢ ! !  T).[103, 104, 105, 106, 107, 108, 109, 110, 111]

37
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Figure 2.1. Schematic phase diagram of LSCO, showing the evolution of the Fermi surface
across the NFL state and superconductivity. AroMnd 0:2, the topological Fermi surface
transition occurs where the VHS crosses the Fermi level, and the corresponding resistivity
exponent becomes also minimum.

Such a one-to-one mapping fails to explain several experimental features in cuprates as well
as in other correlated materials. For example, it is observed that the transition from the NFL to
FL state is smooth, i.e., at a given temperature, the resistivity exparadra@ngesontinuously
from 2 to 1 or even below 1 with doping, pressure etc.[112, 113, 101, 106, 114, 115, 116, 117,
118] It also does not explain strotkgdependence of the self-energy which is observed in an
angle-resolved photoemission spectroscopy (ARPES) experiment in La-based cuprate.[119] It
was found that in overdoped LSCO , as we move from the nodal to antinodal region, the inverse
of the quasiparticle lifetime * changes from 2- to ! -dependence. Moreover, the lindar
dependence, which is reminiscent of NFL self-energy, persists to the overdoped sample where
the transport data suggest a simple FL behavior. Again, angle-dependent magnetoresistance
(ADMR) measurements on overdoped Tl-based cuprate also exhibited the similar behavior
in that the scattering rate changes frarhto T behavior as we move from the nodal to the
antinodal region at the same doping.[120, 121] In addition, it is also observed that the FS is
coherent in both NFL (optimal doping) and FL (over doping) states. Recently, coexisting NFL
and FL state is also observed in a heavy-fermion system.[122] Therefore, the leading questions

concerning the mechanism of the NFL state near the optimal doping, the analytic behavior of
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the self-energy in the entide-space and doping, smooth crossover with a wide region of the
coexistence of the NFL and FL states in both spectroscopic and transport properties have so-far
remained open.

The main objective of this chapter is to answer the above questions and to explain the
FL and NFL behavior in a single self-consistent theoretical framework and describe the co-

existence of FL and NFL self energies at all doping in Cuprates.

2.2 Momentum anisotropy in self energy

To capture the strong momentum anisotropy in selfenergy, momentum resolved density uctu-
ation (MRDF) model is employed, which uses RPA and uctuation-exchange approximation
(FLEX) [123, 124, 125, 126, 127] to calculate the self energy in a self consistent manner.
Details of the MRDF method is described in the next section. The momentum anisotropy
arises in the present model due to charge and spin uctuations and is different from the mo-
mentum anisotropy that arises in the AF phase. The low-energy AF uctuations dominates
near theQ = ( ; ) where as high energy paramagnons (marginal) uctuations dominate
along theqg = ( ; 0)=(0; ) directions. In the large ordering limit) > 2kg), Sachdewet

al. have pointed that the paramagnons (particle-hole continuum) become decoupled from
the AF uctuations in both energy and momentum domains[128, 104] and the AF uctua-
tions dies off around the AF QCP near 5% hole doping, and do not survive up to the optimal
dopings.[129, 130, 131] This study shows that the dominant contributions to the NFL state at
the optimal doping come from the density uctuations nkar (; 0)=(0; ) and the VHS in
cuprates is also present around these antinodal points. Therefore, density uctuations induced
self-energy dominates in the antinodal region of the BZ and have its maximum effect when
the Fermi level passes through the VHS (at the Lifshitz transition). Such density uctuations
are marginal, occur in the energy range3® 500meV, and survive at all dopings up to
overdoped samples.[132] We emphasize that due to the self-energy correction and the momen-
tum anisotropy, the VHS does not have a true singularity, rather a broad hump. Therefore,
neither the density uctuations, nor the spectral functions possess any non-analytic behavior

at all dopings, and the complex self-energy remains analytical at all momenta, energies, and
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dopings in our model.
Anisotropy in the self-energy can be conveniently encodedikegependent exponenty)

in the imaginary part of the self-energy? as
RK: 1)Y= ! jP: (2.2.1)

The quasiparticle residue is dened @ = (1 @ @), 2,, where 9k;!) is the real

part of the self-energy. Due to analyticity of the self-energy, both the real and imaginary
parts of the self-energy are related to each other by Kramers-Kronig relationkapaihts.

Note that exponenty 1 as we go tothe limit ! 0. So real part of self-energy does
not have any singularity. In what follows, both andZ, have characteristically similar and
strongk-dependence in the BZ: in the antinodal region (NFL “hot-spgis’) 1, andZy is
minimal, giving NFL self-energy, while the remaining low-density region ("cold-spots') gives
Pk 2, Z¢ is maximal (see Fig. 2.6). This allows a coexistence and competition between
the NFL and FL physics in the same system. It is important to note tPkr;0) = 0 at

all dopings, implying that all quasiparticles in the BZ (including in the NFL region) have well
de ned poles on the FS. However, due to the strong momentum dependehgcelo¢ spectral
weight gradually decreases in the antinodal region, giving the impression of a "Fermi arc' in
the spectral weight maps. Such a momentum dependempgebtained in the MRDF method

is in qualitative agreement with a QMC calculation of a single band Hubbard model[133].

2.3 Purturbative approach and MRDF model

Correlation strength of the studied material is crucial for the success of perturbative approach.
If I start with small coupling limit (where FL theory is valid) and gradually inrease the cou-
pling strength | move away from FL behavior and hit a critical coupling strength where FL
theory breaks down. Such a critical coupling usually indicates a QCP. Perturbative approach
is usually valid if one approaches NFL regime from the above mentioned FL side. There ex-
ists a number of perturbative approaches of the self-energy calculation based on QCP,[107,
108, 109, 110, 111, 134, 102], along with other theories like Hertz-Millis theory of quantum
phase transition,[135, 103, 104, 105, 106] nearly antiferromagnetic model,[136, 137] spin-
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uctuation model,[138, 97] largdN expansion of bosonic eld,[139]-expansion of the bare
dispersion,[140] dimension regularization[141] method. These methods often suggest that the
self-energy becomes non-analytic at the critical point, and quasiparticles can no longer be de-
ned. In such cases, the perturbative theory itself becomes inapt at the QCP[109, 111, 100]. On
the other hand, in the strong coupling limit, one approaches the NFL limit from the other side,
i.e., one basically studies how localized electrons gradually become conducting via many-
body effects. A number of non-perturbative treatments, such as spin-Fermion model[142],
two- uid model,[143] slave-boson,[144] J model,[145], fractional FL,[99, 96] hidden
FL,[146] dynamical mean- eld theory (DMFT)[147, 148] holographic NFL,[149] dimension-
regularization method[150] are used here. In these cases, conductivity bears out from the
localized states via quantum uctuations between the localized and conducting states. Both
approaches, however, indicate a commonality that in the NFL state, the low-energy conduct-
ing states are neither fully itinerant, nor fully localized but reside in a dissonant state between
them. Such a dual nature of electrons is the characteristics of the intermediate coupling region
where the correlation strength is of the order of its kinetic energy term. In this correlation limit,
the quantum uctuations become eithraasslessor marginal and produce the imaginary part

of the self-energy %/ max(j! j; T). Hence, a marginal FL (MFL) state arises in the [dw-
limit.[151, 152]

The correct correlation strength of cuprates must be in intermediate regime for the pur-
turbation theory to be applied on it. Quantum Monte-Carlo (QMC),[153] DMFT,[154, 155]
and random-phase approximation (RPA) based uctuation-exchange theory[123, 156] consis-
tently suggest that, indeed, cuprates lie in the intermediate correlation strength, at least in the
doped samples. The non-interacting band structure of cuprate can be described by a single and
strongly anisotropic band passing through the Fermi level. | consider a realistic band structure

including up to fourth order tight-binding hoppings C t° andt®®as

k =  2t(cosky +cosk,) 4t°cosky cosk,

2t%cos K, + cosk,) 4t°°%Cos X, cosk, (2.3.1)

The second nearest neighbor hopptAdas a special importance in cuprates as it controls

the atness of the band neér= ( ; 0) and its equivalent points. This generates a paramount
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Figure 2.2: Schematic diagram showing the self consistent loop of MRDF method.

degeneracy in the DOSs, and hence VHS arises’iAsreases, the degeneracy also increases,
and the system becomes more NFL like. Interestingly, an earlier Density Functional Theory
(DFT) calculation demonstrated that the optimialn different cuprates scales almost linearly
with the correspondintf=t ratio.[157] This produces a link between the NFL physics &nd

with a singleab-initio parameter.

Table 2.1: Full tight binding parameters for LSCO. All energies are given in eV.[158]

Material LSCO
t 0.4195
t0 -0.0375
t00 0.018
000 0.034
U 1.6

To add the effect of correlation | start with a single band Hubbard model and calculate the
effect of the correlation by computing the full spectrum of both charge- and spin- uctuations
in a self-consistent way. The correlation part is included within the RPA approximation, by
summing over the bubble diagrams (see Fig. 2.3), where the ladder diagrams are included in
the Bethe-Salpeter vertex correction.[159] The higher-order Maki-Thompson (MT),[160] and

Aslamasov-Larkin (AL)[161] terms, beyond the RPA diagram, are shown in 2.8.6 to scale as
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U=W?2, andU?=W® (W is the band gap and is the onsite Hubbard interaction), respectively,
and thus can be neglected in the intermediate coupling regime. The coupling between den-
sity uctuations and electrons gives rise to a complex self-energy, which can be calculated
within the Hedin's approach.[162] Here we use the self-consistent momentum-resolved den-
sity uctuation (MRDF) method[123, 124, 125, 126] in which all quantities including single-
particle Green's function, two-particle correlation functions, and the three-point vertex correc-
tions are calculated self-consistently with the self-energy correction. In this way, the present
method is an improved version of the FLEX model[134] without self-energy corrections in
the two-particle term, or the single-shot GW calculation without a vertex correction.[163, 164]
A schematic diagram of our self-consistent method is shown in Fig. 2.2. In the rst iteration
we calculate the bare Green's functi@tk;! ) from the tight-binding model. This Green's

function is used to evaluate the bare correlat@s

o IX Sdfd, N (P B
(q,)—ﬁk > TA(k,!l)A(k+q,!2)(k,q,!l,!z).._l_i PR
(2.3.2)
Heref (! ) is fermionic distribution functionsA(k;!) = ImG(k;! )= s the spectral

weightand( k;q;! 1;! ») is the density vertex correction. For bare Green's funcdk;! )
is a Dirac delta function and k;q;! 1;! 2) = 1. Next | include the correlation part of the
Hubbard model by computing the back-reaction potential of quasiparticle density uctuations
V (q;") which are separated into the spin£ 1) and charge ( = 2) density channels within
the RPA model as

v (@) "

1 U@" (2.3.3)

Vi(g;") = Elm

where ; = 3, and , = 1, andU is the onsite Hubbard interaction. This potentfa{q;") is

used to calculate the self-energy within Hedin's approach which can be written as (see A.2):
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Figure 2.3: (a-d) Diagrams of various quantities of the MRDF model. (a) MRDF potential,
(b) self energy, (c) Bethe-Salpeter vertex equation, (d) Dyson equation. (e-g) Diagrams of
various quantities for conductivity calculation: (e) bubble diagram from Kubo formula (f)
Maki-Thomson (MT) diagram, (g) Aslamasov-Larkin (AL) diagram. Double solid line rep-
resents self-energy dressed Green's func@nvhile single solid line is for the bare Green's
function G°). Double wavy line represents the uctuation-exchange potentidl, and @

are the bare and self-consistent vertex corrections (the same diagram applies to both density
and current vertex corrections).

wheren(") is bosonic distribution functions ard is the total number of lattice sites. This
self energy is used to calculate the self energy dressed Green's funtion or interacting Green's
functionG(k;!) = [! « (k;1)] % Inthe next step thiS(k;! ) is used to calculate
(g;"), which closes the self-consistent loop. The spectral function is now self energy dressed
which is given byA(k;! )= ImG(k;! )= and ( k;q;!; ) is the density vertex correction
which is no longer equal to one. Please note that due to the strong anisotropy in the self-
energy, the Midgal's approximation is not valid here, and vertex correction becomes important.
Furthermore, th&-dependent k;! ) prioritizes the current-current vertex termwhich also
affects the density vertexdue to conservation principles (it is customary to denote the current
and density vertices by vector and scalar symbagland , respectively)[165]. Since the
system possesses both gauge- and spin-rotational symmetries without and with the self-energy
corrections, the conservations of charge and spin densities lead to a simpli ed algebraic form

of the vertex correction, as known by Ward's identity.[166] This identity imposes a speci c
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Figure 2.4: Density uctuation spectrum for (a) spin, (b) charge channels. Here we plotted
the imaginary part of the RPA susceptibilities: (1 U ) for spin and charge densities as

a function of! along three high symmetric momentum directiond,0)-M( ; )-X( ; 0)-

for 20% hole doped LSCO. These RPA susceptibilities are directly linked to the uctuation
potentialV in Eqg. (2.3.3) with the multiplication of the constant factdf =2. The main
feature of the density uctuation is the dispersive paramagnon-like mode along the X -
direction. Such a mode is observed in RIXS spectrum in various cuprates.[168] This mode is
responsible for the NFL state in the antinodal region.

relation between the self-energy and the density vertex correction as (see Sec. 2.8.7 for the

derivation) [167]
@k;!) _
@!

Such a vertex correction is not only important to preserve the sum-rules, but also it helps to

(kia;l; ) 1 ZM): (2.3.5)

produce the correct frequency values%00meV) and the strength of the uctuation-exchange
potentialV, the self-energy , as well as spectral functiors in consistence with their corre-

sponding experimental results.[132]

In the present MRDF model, calculations are carried out in the self-consistent loop de-
scribed above untill the Green's function converges. This model is restricted to the intermedi-
ate coupling regime, where the value of Hubb#rd just below the self-energy renormalized
bandwidthW (evaluated self-consistently). This is the Brinkman-Rice criterion.[169] The
value ofU determines the overall strength of the NFL state, but interestingly, it does not affect

much the anisotropy in the self-energy (as shown in Sec. 2.7).

While the numerical computations involve the full self-energy anisotropy, some interesting
properties can be extracted if the FL ansatz of the self-energy is imposed. That means, the self-
energy is approximated ask;! )= ( k;0)+(1 Z, 1!, wherez, is the anisotropic quasi-

particle residue at the Fermi level, de ned before. The dressed quasiparticle band is obtained
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as x = Zg k. Substituting the corresponding spectral functioAds;! ) = Z,=(! +i k)

inEq. (2.3.2), we ndthat (q;")= Z2 o(q;")= Z o(q;"), where qisthe bare Lindhard
susceptibility (without a self-energy correction), ands the momentum averaged renormal-
ization factor. This means, both the kinetic energy and the correlation function are renormal-
ized in the same way, a consequence of the Ward's identity. Furthermore, the MRDF potential
in Eq. (2.3.3) is also renormalized by the same value if the interattias also renormal-

ized similarly, i.e., ifU = ZUq, whereUy denotes the bare Hubbard interaction. This yields

V (g;")= ZV°(q;"), wherev®(q;") is the bare uctuation-exchange potential consisting of
bare ¢, and bardJy in Eq. (2.3.3). Since the kinetic and interaction terms scale in the same
way, the system always maintains the intermediate coupling strength. Once the momentum
dependence of the renormalization factor is tuned on, such a simple, analytical proof is dif -
cult to achieve. However, thfe-sum rules remained valid as shown in Sec. 2.8, and the MRDF

method maintains the intermediate coupling scenario.

2.4 Self energy results

For the presentation of the self-energy results in this section, | focus0R&EQRCUQ, (LSCO)
cuprate. Its tight-binding (TB) band parameters are obtained from the corresponding DFT band
structure (see Table 2.1). The self-energy result is shown near the optimal deping:@)

with U = 1 eV (where the bandwidth ¥/ 4 eV). The self-energy is plotted for several
representative momentain Fig. 2.5. The results can be compared with the corresponding results
obtained from ARPES for the same sample. Both experiment and theory consistently exhibit
a characteristic momentum dependence of the self-enefjyaries linearly with frequency

in the antinodal region, while it gradually becomes quadratic as we move towards the nodal
region.

The origin of the momentum dependence of the self-energy can be traced back to the mo-
mentum dependence & [Fig. 2.4] and the spectral weight maps [Fig. 2.6]. | focus the
discussion on the two momentum regions, namely, the NFL region adound ( ; 0), and
the FL regionky, ,and(; ). The self-energy creates incoherent, localized states at the

bottom and top of the bands at theand( ; ) point, which are reminiscences of the lower
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Figure 2.5: (a) Calculated®{! ) at differentk-points for 20 % hole dopped LSCO. (b) Loga-
rithmic plot of °¢! ) vs! with ! ; = 0eV. Colors represent the sarkepoints in (a) and (b).

Pink and black dashed lines are guide to the eyes to a quadratic and linear behavior, respec-
tively. Inset Correspondind-points in the rst quadrant of the BZ where the self-energy is
plotted. Bottom-left corner is at the-point, while the top-right corner is tie; )-point. The

black line indicates the non-interacting Fermi Surface.

and upper Hubbard bands (L/UHBS), respectively. The low-energy VHS states d&puogdr

the Fermi level become renormalized and remain “itinerant'[127, 123]. These two states are
separated by the so-called "waterfall' energyp00 meV) where the spectral weight is strongly
suppressed (see Ref.[123] for details of spectral functivhjq; ) arises mainly from den-

sity uctuations between the itinerant (at VHS) and localized (at the L/UHB) states in the
particle-hole channel. Below the NFL-doping where the VHS lies bé&lewthe density uc-
tuations arise between the VHSkqtand the UHB af ; ). Above the NFL-doping, the VHS
crosses above the Fermi level, and the corresponding uctuation switches channels between
the VHS and the LHB at the-point. In both cases, the momentum conservation principle
localizesV at(qy; sf), Wwhere ¢ 300 500meV, andg, (; 0)=0; ). The self-energy
dressed density uctuation spectrum is visualized in Fig. 2.4 for the spin and charge chan-
nels. Consequently, these uctuations persist from underdoping to overdoping, as observed
by resonant-inelastic X-ray scattering spectroscopy (RIXS)[168]. A direct comparison of the

computed density uctuations spectrum with the corresponding RIXS data for different dop-
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ings have been shown in the references[170, 123]. Substitutiftg; <) in EQ. (2.8.1), we
ndthat k;!) V(aqv; s)AK qv;! + ). Therefore, we can relate the NFL self-
energy ak,, i.e., °¢k,;!) todepend mainly on the high-energy Hubbard stAtgs,; «+!).
In other words, the NFL self-energy arises from the "high-energy' localized Hubbard bands,
which transfer the localized spectral density via density-density uctuation channels to the
low-energy states at the antinodal region. On the other hand, the FL self-energidés,near
points depend mainly on the itinerant VHS spectral weighs(&t,). Since the spectral func-
tion has isolated poles at all momenta and frequencies, both the NFL and FL self-energies are
analytic functions in the present case. This way the present model is different from the prior
perturbative treatments of the NFL state.[107, 108, 109, 110, 111, 100, 171]

In Fig. 2.5(a) the imaginary part of self-energy’{ is plotted as a function of frequendy),
and the corresponding log-log plot is shown in Fig. 2.5(b) (a detailed procedure is given in
A.1). From the log-log plot, we can conclude that the exponent isin the antinodal region
(NFL-state), and 2 away from the antinodal region (FL-states). In addition, the tting is not
monotonic with frequency, because both the expoperind the coef cient  in Eq. (2.2.1)
are also frequency dependent. But for the low-temperature transport properties, the low-energy
tting suf ces a good explanation.

Fig. 2.6 shows the momentum dependence of the expgpeanhd compare it with that of
the mass renormalization =m, = Z, * (m,, = bare band mass), and the spectral weight map
A(kg;0). The results are compared for three different dopings:=a0:1 (left), optimal dop-
ing x = 0:2 (middle), andx = 0:3 (right). It immediately shows a one-to-one correspondence
between the three quantities at all dopings, further justifying that the self-energy is always
non-singular. The spectral weight can be de ned in term&,0éind “as

1 Z( K1)+ )

A= T e e+ @4

Since %= 0 at! = 0 at allk, the spectral functions have a delta function-like peak at the
Fermi energy. This suggests that the FS remains coherent at all momenta and dopings. The
self-energy dressed FS deviates from the bare FS (black line) both in shape and spectral weight.
The spectral weight renormalization on the FS is solely governed by the quasiparticle residue

Z\.. The shift of the FS is dictated byXk; 0) which is also related tp, via Kramer's-Kronig
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Figure 2.6: (a-c) The self-energy expongpin the entire rst quadrant of the BZ is shown in

the underdoped, optimal doped, and the overdoped regions, respectively. Bottom-left corner
is at the -point, while the top-right corner is thig; )-point. The black lines indicate the
corresponding Fermi Surface and the colorbars indicate the value of exgpnéa) Inverse

of quasiparticle weight, * = m =m, at Fermi energy!( = 0) is plotted for the same dopings

inin (a). (g-i) Spectral weight plots at the Fermi level, including the momentum dependence
self-energy. Each column corresponds to the same doping.

relation:
171 %kt
! :

9%:0)= = . d! (2.4.2)

Therefore, we observe that the renormalized Fermi momlentdeviate more from its non-
interacting values in the antinodal direction, compared to the other points. Finally, the number
of electron is kept xed by recalculating the chemical potentialvith the self-energy correc-
tion. Therefore, the Luttinger theorem remains valid at all dopings.

The above analysis demonstrates that due to the analytic form of the self-gner@y,
andAy all are related to each other at &Hvalues. All three quantities are minimum at the

antinodal point, suggesting that the states near this region are more strongly correlated than
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the rest of the BZ. Also, from Eq. (2.4.2), it is found th&Xk; 0) is maximum at the antinodal
point, and thus the corresponding Fermi momedatadeviate more from its non-interacting
values here. To have the Luttinger theorem valid, the Fermi momenta elsewhere must be
smaller.
The overallk-dependence of remains similar at all dopingspg attains its minimum

value around the antinodal region. In the underdoped region, where the VHS is well below

r, we nd that the overallpy pro le is lessk-sensitive. Near the optimal doping, where the
VHS exactly crosses above, thek-dependence g becomes strongest, and the NFL region
occupies larger BZ volume. Also at optimal dopimg,obtains its minimum value near the
antinodal region, which is the minimum possible valugpft all dopings and momenta for
this material. Similar trend in the resistivity-temperature exponent can be found in the next
section. Finally, as the VHS crosses abbygagain the value gbi increases. Interestingly, in
the overdoped region, where FL-behavior is expected from transport properties, the antinodal
regions continue to show NFL self-energy behavior, in consistent with the ARPES data on
LSCO atx = 0:23[119]

The result suggests that the quasiparticles have well-de ned poles in both FL and NFL
states at alkg, but owing to thek-dependent {k;0), the deviation of the poles from its
non-interacting FS is not monotonic on the FS. The only source of the spectral weight renor-
malization on the FS is the momentum dependint Expectedly, spectral weight gradually
decreases as we move to the antinodal directions, giving the shape of a coherent "Fermi arc’,

often observed in underdoped cuprates.[172]

2.5 Resistivity calculation

When thek-dependence of the self-energy is neglected, a direct link between the microscopic
single-particle spectral properties and the macroscopic transport behaviop) can be es-
tablished. However, as the system acquires strong anisotrgmy inbecomes less intuitive

to deduce the overall correlation landscape from transport properties. | compute the DC con-
ductivity by using the Kubo formula. | consider a one-loop bubble diagram with the current-

current vertex correction. Because of the vertex correction, the higher-order MT,[160] and
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Figure 2.7: (a) Resistivity is plotted as a function of temperature for different doping for
LSCO. (b) The resistivity-temperature exponent in the Tbwegion is plotted as a function of
dopings for LSCO which exhibits minimum in exponent near the optimal dopings where the
corresponding VHS passes through the Fermi level.

AL terms[161] for the current-current correlation functions give vanishingly small contribu-
tions, unless one enters into non-analytic self-energy[173] or if the self-energy has pseudogap
behavior.[174] Such an one-loop Kubo formula, with and without vertex correction, is also
used previously in cuprates within DMFT calculation.[154, 155, 146] The current vertex is
calculated from the same Bethe-Salpeter form,[159] which is calculated self-consistently us-
ing Ward identity[166] (see Sec. 2.8.7). Within the linear response theory, in the limit of

g! O, we obtain:

@ 1xX
3~2m2N ‘

Z
Oy (i) Sarky S

(2.5.1)

wheree and~ have the usual meanings, an® (k;! ) and (k;! ) are the bare and full current
vertices. Foig ! 0, the bare vertex reduces té¢” (k;! ) = mv(k), wherev (k) is the band

velocity, and the full vertex is

(k;!')=mv(k)+ mr (k;!)= mr G }k;!): (2.5.2)

The conductivity obeys the-sum rule as shown in Sec. 2.8. Only, component is consid-
ered here. In the absence of any anomalous term, the resistivity is obtaingd=ad = .

Please note that the imaginary part of the self-energy is expected to be hite &tat nite
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temperature due to thermal broadening. So the nite temperature scattering rate is neglected in
this study. Itis challenging to nd the form of nite temperature self-energy within the present
MRDF method. The resistivity results are presented in Fig. 2.7(a) for LSCO at different dop-
ings. It is observed that the resistivity exponent becomes minimum near the optimal doping
where the VHS crosses, see Fig. 2.7(b). Here, the system acquires dominant NFL-behavior
with n 1. At the same doping, the self-energy exporgnin Fig. 2.6(b) not only obtains

its minimum value, but also it occupies lardesspace area. However, the other parts of the

BZ remain FL-like withpy as large as 1.8. Similarly, in both under- and overdopings, where

n! 2, the antinodal region continues to hgye 1. Cautionary remarks are in order. | have
extended the one-band model to the deep underdoped region without including the pseudogap
and other competing orders. Therefore, our calculation does not represent the experimental
results in the deep underdoped region.

ADMR technique has the ability to probe the angular variation of the resistivity by tilting
the magnetic eld with the sample orientation. This allows to effectively measure the scattering
life-time 1= /  as a function of Fermi surface angle= tan *(k,=k,). An earlier ADMR
study on overdoped TBa,CuGs. , found thatl= varies asT 2 in the nodal region (= 0) and
it gradually changes td in the antinodal region (= 45°).[120, 121] This result is consistent
with my ndings of quasiparticle life-time variation shown in Fig. 2.6(a-c). Note that even the
angle-integrated resistivity exponent is close to 2 in the overdoped region, however, its angle-
dependent data reveals that both the single-particle life-time and scattering rate consistently
remain NFL-like in the antinodal region. Such kind of angle dedendent technique can be used

to verify my predictions in cuprates in a wide range of region near critical doping.

2.6 Materials dependence oh and its correlation with T,

The celebrated paper by Pavaretial[157] pointed out an intriguing relationship between
the t%t ratio obtained in different materials with théig. t%t triggers higher degeneracy in

the DOS (see Fig. 2.10(b)), and hence it is natural to expect that the strength of the NFL
state would also increase. | calculate the resistivity exponeior different values ottt

by xing the VHS at the ¢, and the result is plotted in Fig. 2.8. Indeed, | nd that with
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Figure 2.8: The resistivity exponent at the doping where the VHS passes through the Fermi
level, is plotted for different values of=t, representing different cuprate materials.[157] This
is the minimum value of obtained across the doping range for a git¥&n since the DOS

at Er is maximum here (see the circle symbols for the DOS in the right-hand panel). At
the top of the gure, we mention the corresponding cuprate materials with correspohgling
having different values di=t as obtained from the DFT calculation in Ref. [157]. Chemical
compositions of cuprate materials are,;CaO, (La214), BpSr,CuGs (Bi2101), ThBa,CuGs
(TI2201), YBaCuwO5 (Y123), HgBaCaCuwOg (Hg1223).

increasing*t, n decreases, that means, the system becomes more NFL like. With increasing
t%t, both the DOS at VHS increases and the bandwidth decreases (see Sec. 2.7), and thus
the NFL phenomena also increases. It is already known that the opIynatreases with
increasingt®t,[157] and with decreasing. This phenomenon is consistently observed in
various cuprates, pnictides and heavy-fermions.[101] My results thus shows that there is a
microscopic connection between the NFL phenomenaland the context of this empirical

observation.
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2.7 U dependence of various results

All results and conclusions presented above are obtained for material speci ¢ values of the
HubbardU (see Table 2.1). Here, | investigate them for different valuedd ahd study their
evolution. The following results also demonstrate the distinction between the doping depen-

dence of the static correlatiolf and the dynamical correlatioW (! )) in Eq. 2.3.3).

Figure 2.9: (a-c) Plots of the self-energy -frequency expopelitie ned in Eq. 1) for three
different values ofU for LSCO atx = 0:20. In all three cases, we notice that the overall
momentum pro le ofpy remains very much the same. This is expected since the anisotropy
is related to the anisotropy in the electronic structure and correlation function, but not directly
on the onsitdJ. The overall range ofx (seen in the adjacent colorbars) however decreases
with decreasingJ. This means the system moves towards the FL state at a xed dopidg as
decreases.

Keeping all other parameters the same, it is expected that the system would tend to trans-
form from NFL to FL like as | decrease the valueslbf This is what is observed in Fig. 2.9
where | plot the momentum pro le gf at a xed doping ofx = 0:20for LSCO for three
different values olJ. In all three cases, the momentum pro le remains very much the same, as
expected, since the momentum dependence is governed by the anisotropy in the band structure
and correlation function. A characteristic change in the overall range @fs highlighted by
red circles in the adjacent colorbars) is observed. The result shows that both the minimum
and the maximum values @ increases with decreasitd; In addition, it is also observed
that thek-space area of the region, that deviates maximally fromggL ( 1), decreases with
decreasingJ, re ecting that the system moves towards FL as correlation weakens.

Finally | study the evolution of thé’=t vs. n plot for different values olJ in Fig. 2.10.

As mentioned before that decreases as thét ratio increases, keeping the corresponding
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Figure 2.10: (a) Plots af*t vs. n for different values olU. As expected, the exponent
decreases with increasitg, but for all values olJ, thet®t dependence on is maintained.

(b) Non-interacting density of states (DOS) is shown as a function of energy for different
values of thet ratio. Note that the DOS at the VHS gradually increases with increa%ing

ratio, as the atness of the band increases at the antinodal point. The Fermi level for all cases
is xed at the VHS.

VHS xed at the Fermi level for all cases. This is because the DOS at the VHS increases with
increasingt®=t and the bandwidth simultaneously decreases. Therefore, the system becomes
more NFL-like ag®t increases. This conclusion remains intact as the valuesa€ tuned.

For different values obJ, the general trend df=t vs. n remains the same, however the overall

range ofn increases with decreasitgwhich is consistent with my observation in Fig. 2.9.

2.8 Discussions

2.8.1 Analytic self-energy in the NFL state

One of the important properties of the present results is that the self-energy is free from any
essential singularity and non-analytic form at all momenta, energy, and doping. Please note
that here the word analytic is used in the sense that Kramers-Kronig relation is valid. In

other words, the self-energy needs to be analytic in the upper half of the comgline.

This is achieved in the calculation by putting a small broadehing ! + i ,. This ,

is different from thermal broadening and appears only for numerical calculation and can be

taken arbitrarily small to approach the zero limit. Introduction of this broadening removes all
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non-analyticity of imaginary part of self-energy (Eq. (2.2.1)) from the upper half complex
plane. However, from Eq. (2.3.4), it can be deduced that the self-energy can become non-
analytic when either the potentidl (k; ) or the spectral functioA(k;! ), has a non-analytic

form. Both these cases are discussed separately below.

(a) Near a Hertz-Millis QCP, there arises a singularity in the spin and/or charge potential
V at a characteristic wavelength, causingsslessnagnons or plasmons, respectively. Here
we focus on the near-optimal doping region which is far away from the AF and CDW QCPs.
And as discussed ealier, paramagnons remain massive at all momenta and doping, and gives
no singular behavior. S&, has no essential singularity in the doping range of present interest.
Yet we can make few remarks. An AF QCP induced NFL model have been used earlier by
Moriya et al[138]. They found that th@ -linear behavior in resistivity and-wave supercon-
ductivity both arise from the strong AF uctuations.[102] If this result holds in cuprates, one
would obtain ar -linear NFL state at 5-7% doping. But tielinear behavior is rather shifted
to the optimal doping, where the AF uctuations are negligibly small.[101, 130] The model
was extended by Monthoux and Pines,[136] Millis-Monien-Pines[97] with a phenomenologi-
cal model of the spin- uctuation. Bickeat al. used a similar self-consistent FLEX model[134]
of the spin- uctuation mediated NFL calculations. But in all these models, the driving insta-
bility has been the the san@@ = ( ; ) AF uctuation, and thus the realistic region of NFL
state should be 5-7% doping. In a fully self-consistent scheme, the spin- uctuation spectrum
is modi ed by the self-energy effect, and such a renormalization effect is sometimes distin-
guished as the ‘mode-mode coupling' effect.[175] In the mode-mode coupling theory, the
magnetic instability is clearly modi ed, or sometimes removed due to the suppression of the
spin-susceptibility from the self-energy correction. As a result, the long-range AF order does
not occur in pure 2D systems, which means that the Mermin—Wagner theorem is satis ed here.
In reality, the hole-doped cuprates exhibit an AF critical point around 5-7% depthgutany
apparent -linear resistivity.[115, 176, 101, 98] There can be various reasons, such as nite
three-dimensionality in cuprates,[158] second-order vertex correction (AL term),[173, 174]

non-perturbative corrections,[100] etc., but it is not the main topic of our present work.

(b) Another possible source of singularity is the VHS in the single-particle spectral function

A(k;!). Anearlier DMFT calculation in a single band Hubbard model showed that as the VHS
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is positioned exactly at the Fermi level, it gives rise to a non-analytical self-energy and thus

one cannot treat the transport relaxation rate coming from the single-particle broadening.[171]
Such a singularity is removed in our case due to multiple reasons and analytical self-energies
are obtained even at the extreme NFL region. To understand this, the imaginary part the of

self-energy can be written in an approximate from (from Eq. (2.3.4)) as

X Z
Rk:1)/ dVv (q;: )Akk q;! + ): (2.8.1)
q

In a local approximation where the potential is replaced witjra/eraged potential, the ana-
lyticity of the self-energy is solely determined by the analyticity of the VHS. Therefore, if the
VHS has the non-analytic cusp even after including the self-energy correction, the self-energy
also becomes non-analytic.

When thek-dependent self-energy is introduced, it can be seen in another way that the VHS
is substantially weakened. Near the VHS region ardking ( ; 0), the rst k-derivative of
the bare dispersion vanishes, and thus the leading term in the band ik?=m , wherek
is measured with respect ky (~ = 1). Since i is a slowly varying function in momentum,
one obtains a " at-band’, leading to a non-analytic cusplin 2, and a logarithmic diver-
gence ind = 1. In thek-dependent self-energy correction, the renormalized band obtains an
effectivek-linear term from the self-energyas r ° k+(1=m +r 2 9k2, where the
k derivatives are taken &t,. This linear-ink terms effectively destroys the essential criterion

for a singularity at the VHS.

2.8.2 Sum rules and Luttinger theorem

Luttinger theory remains valid with the self-energy correction. This can be easily seen by the
fact that °¢k;0) = 0 at all momenta. The spectral function obtains isolated poles on the FS
at k. = k. + Ykg;0), where | is understood to be the non-interacting dispersion
without the chemical potential. Please note that the chemical poterigalifferent from that
without the self-energy correction. When the self-energy is included, the chemical potential is

adjusted to keep the number of electron conserved.

Thef -sum rule in the spin and charge channels are also individually satis ed. This can
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be proven in two ways. The vertex correction is important in the self-consistent scheme and
usage of the Ward identity in the vertex correction ensures that the sum-rules remain intact.
The basic principle in maintaining the sum rule is that one invokes the similar approximation
in both density-, current-correlations functions as well as in the vertex function, and make sure
that the Ward identity is followed. The-sum rule for the densities[174] is

z 1 X

T @@= (ke ke 20m nit o (282)
k

signs indicate charge (= 1) and spin ( = 2) densities. Since the spin is conserved here,
1 Rd V,(qg; ) must vanish. In the mean- eld level without the self-energy correction, the
potentialV © satisfy Eq. (2.8.2). Let us assurwe(q; ) is theZ-renormalized potential which
is obtained from Eqgs. (2.3.3)-(2.3.2) by replacing the spectral function with its quasiparticle
formA(k;!) = Z=(! k). ThisgivesV (q; ) ZV (q; ). Then we can easily show that
the energy range (=bandwidii) of V is reduced by (since the band is renormalized by the
sameZ). Since the vertex correctionis 1=Z,weobtain( q; )V (q; ) V°%q; ). This
is a direct consequence of the Ward identity in which the kinetic energy and the interaction
potential are renormalized by the same fa&orm@nd thus the intermediate coupling scenario

remains valid with and without including the self-energy correction.

Similarly, it can be proved that the optical sum rule also remains valid here. As mentioned
in Sec. 2.5, the momentum dependent self-energy leads to a current-current vertex correction
which arises from thé&-derivative of the self-energy[167]. The current vertex is again
related to the density vertexvia the Ward identity. The optical conductivity in terms of the

Matsubara frequency, in the limit of! 0, can be written as

(im) = e2N11>< Vi (ki oi m)G(K; i )Gk i m): (2.8.3)
k;n

Now from the Ward identity (see Eq. (2.8.11)), | substitutey  (K;i! ;i m) = G *(k;i! n)



2.8. Discussions 59

G Yk;i' v+ im)+in(k;i' ;i m),where( k;i! ;i ) isthe density vertex which gives

€ 11X
Im) = ——— G(k;i' v+ 1) G(Kk;i!p
(m) = G~ Gkl rin) Gl o)

+in (Kl i )G )G 0+ i m)]:
(2.8.4)

In a homogeneous charge medium, the rst two terms cancel each other. The last term

11X o . , .
N (k;it ;1 )Gk 1T )G+ i )
k:n
is bare charge density susceptibilitfg ! 0;i ). Now thef-sum rule for density in
Eq. (2.8.2) givest i mim (@! 0 n) = n=2, wheren is the total charge density and

. P . : .
this leads tot , (i m) = gfnz =1 |§|:8, where!  is the plasma frequency. The optical

sum rule implies that the total absorbing power of the solid characterizealbgs not depend
on the details of the interactions and is determined only by the total number of particles in the
system.[177, 178] Such a sum rule is modi ed if the FS is partially or fully incoherent,[179]

which is not the case in the model considered here.

2.8.3 Other angular-dependent self-energy calculations

Angle-dependent self-energy and NFL state have been studied earlier in a variety of ap-
proaches. Usually in cluster DMFT[180] and Dynamical Cluster Approximation (DCA)[181],
the momentum dependent calculation is done in small clusters and some of the results are
in agreement with this MRDF calculation. However, there are other works where QCP ap-
pears near optimal doping. The disagreement may be attributed to taking only RPA correc-
tions and neglecting higher-order diagrams in the present MRDF method. In FLEX and GW
methods, which can retain the full spectrum of the correlation potential, one can account for
the full-momentum dependence of the self-energy.[182, 183, 127, 126] In an earlier FLEX
calculation[182], it was found that the self-energy effect is maximum at the AF “hot-spot’,
rather than at the antinodal points. The apparent discrepancy between the FLEX and our

MRDF method arises from how the spin- uctuation potential is treated. FLEX calculation
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only included the AF uctuation, and does not include paramagnons. So, its range of va-
lidity is limited belowx < 0:10 where the AF uctuation is present. Also, in the context of
heany-fermion compounds, it was shown that a strongly anisotropic hybridization can generate
angular dependent quasipatrticle residue.[184] There are also non-perturbative calculations of
the angle-dependent NFL state in the strong coupling region.[185] Their results are in general
agreement with the FLEX calculation that the NFL state is stronger at the AF "hot-spot'. My
method includes both AF and paramagnons uctuations and show strong paramagnon dresssed
self-energy effect at the antinodal points in the optimal doping region. Finally, the obtained
self-energy anisotropy is in qualitative agreement with a QMC calculation of a single band

Hubbard band where the correlation is treated mainly for the paramagnon uctuations.[133]

2.8.4 NFL induced Hertz-Millis QCP

As discussed above in various context, within the self-energy picture, two sources of NFL
behavior are primarily discussed; through the singularities in the bosonic spectrum, or through
that of the single particle spectral function. A major part of the literature discusses the origin
of NFL state from the QCP physics, in which one obtains singularities in the bulk properties
due to the singularities in the bosonic spectidrq; ). In another case, mass divergence of
the quasiparticle spectruf(k;! ) can introduce non-analytic self-energy. A related situation
arises in the case of a Pomeranchuk instability due to “soft' FS, which gives strongly enhanced
decay rate for single-particle excitations and NFL behavior.[186] More such cases are reviewed
by Lohneyseret al. (in Sec. IlIG of Ref. [106]). Here, we obtain a different model where the
dynamical itinerant-local density uctuation causes the NFL behavior only in certain parts
of the BZ, and it adiabatically connects to the FL region with analytic self-energy. So, one
can ask the question: can the NFL state (without the QCP origin) give a QCP? Mermin-
Wagner theorem prohibits the order induced by density uctuations in two-dimensions. In
the mode-mode coupling theory,[175, 138] it is shown that, for a AF uctuation the self-
energy reduces the spectral weight at the magnetic "hot-spot' and thereby weakens the static
nesting. Therefore, NFL state would oppose the formation of a QCP. According to the Hertz-
Millis theory[135] both dynamical and static uctuations are related to each other at the QCP.

In my momentum dependent calculation, | nd that the anisotropic self-energy is actually a
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nonlocal effect (see Sec. 2.4). What | mean by this is that the dominant self-energy values
at the antinodal point are mainly contributed by the incoherent, high-energy Hubbard bands
at the BZ center and corner [(; )]. Therefore, the states away from the NFL momenta
[(; 0)=0; )] can develop static orders if a suitable FS nesting is present. As in the case
of cuprates, the NFL state at the optimal doping resides at the antinodal point, while the AF
state and thel-wave superconductivity arise from the FS nesting at the magnetic “hot-spot'
(within a weak/intermediate coupling scenario). In fact, as the spectral weight is transferred
from the antinodal to the rest of the BZ, the magnetic "hot-spots' gain more spectral weight
and the corresponding nesting can be enhanced. The present NFL state will however disfavor
the charge density wave (CDW) which is believed to arise from the antinodal nesting.[98] My
prior calculation indeed showed that the CDW nesting is shifted from the antinodal region to
the tip of the "Fermi arc' below the magnetic BZ, which is consistent with experiments.[172]
However, such a CDW is also predicted to give a discontinuous, rst-order phase transition

near the optimal doping to avoid the nesting at the antinodal point.[172]

2.8.5 Pseudogap

The discussion of a pseudogap feature follows from the above section. First of all, the present
calculation only deals with density-density correlation, and does not include Hartee/Fock
terms. The correlation induced dynamical self-energy does not naturally give a suppression
of the density of states at the Fermi level, namely a pseudogap, althoguh it gives a "Fermi arc'
feature (discussed below). Therefor, the impact of any pseudogap on the NFL/FL behavior is
not well captured here, and the result may depend on the speci cs of the pseudogap physics
one additionally invokes in the underdoped region. The present model however gives a good
description of the normal state phenomena above the pseudogap temperature. Moreover, in
the present model, there is a "Fermi arc' due to strong suppression of the spectral weight at
the antinodal points, see Fig. 2.6. However, the entire "Fermi arc' remains coherent. In the
angle-integrated density of states, no suppression of the spectral weight is obtained at the Fermi
level. In other words, the "Fermi arc' does not produce a pseudogap in the DOS. The doping
dependence of the "Fermi arc' is discussed in a separate work.[172] There is an increasing

discussion that the pseudogap originates from some sort of a competing order, whose origin
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is yet to be determined. Any competing order induced gap in the low-energy state may not
affect much the NFL state. This is because the pseudogap is typically of the order of 50-80
meV, while the itinerant-local density uctuations energy is 300-500 meV even at the optimal

doping. Therefore, we expect that the pseudogap will have less in uence on the NFL physics.

Experimentally, the resistivity- exponent is derived above the pseudogap temperature

2.8.6 Optical conductivity

Kubo formula works well in the weak-coupling region. Maki-Thomson (MT)[160], and later
Aslamasov-Larkin (AL)[161] extended the calculations to include higher order diagrams. Af-
ter deriving them, | will argue below that they can be neglected even in the intermediate
coupling region of present interest. In the linear response theory, optical conductivity can
be written as (! ) = %ImKXX(q I 0;1), whereK, is the current-current correlation
function. (This formula works when, andK have no singularity). Her&,.(q; ) =

T [x(a: )iix( GO, whereju(d; ) = i (k)G ( )G, () is the current op-

erator. Substituting them, we get

X

Zl0

S CHY OOhT S(L ) (K)Vx (KIS g ()& ()Go g; o(0)cke: o(0)i;

(2.8.5)

k;kO;;

where the constant fact@ = &. Onariet. al[165], and Bergeromt al[174] have derived
the explicitly the Kubo, MK and AL terms using diagram approach and the results hold for
the MRDF approach. Following the same procedure as in Egs. (A.2.4)-(A.2.6), we can arrive

at the rst three leading terms. The diagrams for the three terms are given in Fig. 2.3, and the
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results are
KE2(g; ) = oo V() (kik+ QGKIG(K + ) (2.8.6)
k
KM () m) = (NC)ZX (k) (KSK%+ )G(K)G(K + 9)GO(KIG(KO+ IV (K®  K);
k:k©
(2.8.7)
KA (q: ) = (NC)3 vk) (k2K AG(KG(K + G (KIG KO+ c)
k'kO'qO

[G'(K*+ o+ o) + GOk® Gk + L+ VO (L o+ g):  (2.8.8)

| continue to use the compact notatibr= (k;i! ), andk+ g=(k+q;i' n 1 ). V =

Vi + V, (spin+charge) is the total density uctuation, ald® (o® o+ @) = Vi(QVa(dL+

qQ + Vo(POVo(c®+ g). (k;k + q) is the current-current vertexG°, andG correspond to

the Green's function without and with self-energy correction, respectively. The corresponding
diagrams are given in Fig.2.3. It is now easy to deduce that the MT and AL terms scale as
Vw4 andV?=W?® whereV is the uctuation potential which scales B€=W. Therefore, as

long as coupling strengtd W these terms have negligible contributions, except near the
critical region where eithey and/or the Green's function has a singular contribution. Since |
am far away from any singular behavior, and | work in the intermediate coupling regime, | can

neglect these high order terms.

Finally, using the spectral representation of the Green's function and performing the Mat-
subara frequency summation as in Egs. (A.2.7)-(A.2.9), | arrive at a similar equation for the
Kubo term
cx 22 gd,

— AT DAk + ;! )

Kubo (~ - -
k1 1

vik) (kk+ gl 2o g

Im o+ !y

Now substituting for the bare current vertexwass (@, and taking the limit of ! 0, and
g! O, we obtain Eq. (2.5.1).
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2.8.7 \ertex correction

Vertex correction is an important subject in the theories of strong correlation physics. Owing
to the conservation laws, there always arise both density-density and current-current vertices
in a homogeneous system. One often denotes both by the same symbbére a vector
symbol is used for the current vertex, and a scalar symb@ used for the density vertex.

In the present bubble diagrams for both density-density correlation functioas well as
current-current correlation function the relevant vertex corrections are the three-point vertex
functions, as shown by Bethe and Salpeter.[159] Thanks to the conservation laws, the density
and current vertices are related to each other, as shown by Ward, and their relation is known as
the Ward identity.[166]

In the following descriptions, | use four-component vertexvhich encode the density
and current vertices &s ; ) . The Bethe-Salpeter vertex correction[159] is written by the

self-consistent equations (see Fig. 2.3 for the relevant diagram)[187]:

O:k+ g+ D(k:k+ 0g); (2.8.10a)

LYV (k+ g 10+ GRIGK' ) (KEKO+ 0);

k%q0

(k;k+ Q)
M (k;k + q)

(2.8.10b)

where = 1;2 are for spin and charge components, respectivel.(k; k + q) is the four-
component bare vertex, whose density component’s= 1. The current components are
obtainedag © = .y, «, Where  is the bare electronic dispersion® (k; k + q) is

the rst order correction (see Fig. 2.3) to be evaluated self-consistently. Since both spin and

charge densities are conserved here, one obtains the same Ward identity for them as
im (ksk+09 ¢ (k;k+ g =G Yk+qg G YKk): (2.8.11)

Please note that in both Egs. (2.8.10b), (2.8.11), the Green's furGiikhis the full self-
energy dressed Green's function, which remain the same in both spin and charge sectors. The
current vertex does not directly contribute to the density-density correlation, and it is self-

consistently related to the current vertex by the Ward identity. Therefore, in an ideal case,
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one needs to solve Egs. (2.8.10a), (2.8.10b), (2.8.11) inside the self-consistent cycles for the

self-energy calculation.

Since vertex corrections often make the calculations computationally unmanageable, ap-
proximations are inevitable. The zeroth order rule is to make sure the the sum rule is main-
tained. However, the choice of a given approximation is usually determined by the type of
uctuations one is interested in as well as its region of validity. The simplest one is to neglect
the vertex correction. Such an approximation is good enough for electron-phonon coupling
(Midgal's theorem),[167] or in the single-sh@G\W method for electron-electron interactions.
Omission of vertex correction can lead to violation of sum rule(s) when self-consistency is
invoked.[182, 123] The next level approximation is to assume that the density and current ver-
tices are proportional to each other,i.e.,= q =i , at all momenta and frequencies.[167]
Such an approximation yields good result when the momentum dependence of the self-energy
is weak as often used in DMFT calculations. However, this can lead to problems when the
momentum dependence is signi cant, simply because the current vertex arises mainly from
the momentum derivative of the self-energy.[167] A momentum and frequency dependent ra-
tio function between the density and current vertices was introduced in the literature for the
particle-hole bubble interactions[188, 187] agk;k + ) = B (k;k + Q) (k;k + Q).

B = g=i , in the above approximation. Altshulet al[188] assumed that the current vertex
along the dimension of motion is proportional to the density vertex, which means they ignored
multiple scattering channels along the direction of the applied voltage. Takada[187] used the
full ratio function, but assumed a local approximation for the poteii&V (g) was replaced

by its momentum averaged value), which is again suitable for wealependent self-energy.

Egs. (2.8.10a), (2.8.10b) are required to be solved for either the density or the current term,
and then the other term can be evaluated by using the Ward identity (Eq. (2.8.11)). This is
in fact the best strategy which guarantees that the conservation laws remain intact no matter
what approximation is invoked in the calculations. | calculate the current vertex explicitly, and

obtain the density vertex from the Ward identity.

For the susceptibility calculation, | assumed a local- eld approximation. Therefore, | can
make the same local- eld approximation for the uctuation-exchange pote¥tjale., | as-

sumeV (k + ;K k°+ @) = V (k + @) ko (note that | invoked a local led approximation
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for both the momentum and frequency axes). Such an approximation should be relaxed when
Umklapp scattering or any translational symmetry breaking eld is present. From Eq. (A.2.11),

| can writeV (k + 0) = —giag crey- Substituting this in Eq. (2.8.10b) gives

(kK;k+q)

Olik+ ) G (g

(2.8.12)

| de ne a functionu (k;k + ) = G(k+ g) (k). Then substituting this in Eq. (2.8.10a)

gives

u(k;k+q= (k;k+ 0
1 u((kk+9g= (kk+ 09
1
1 u(kk+qg= (kik+ 0

@ (k: k + q) O(k;k + 0): (2.8.13a)

(k; k + ) O (k:k + 0): (2.8.13b)

Substituting Green's functiod (k)= i' , « ( k), inthe Ward identity in Eq. (2.8.11),

| obtain

(kta (kK a Dkp+a.

I'm I'm

(kk+g = 1
(2.8.14)

| de ne two symbolsm (k;k + gq)=mp =1 ((k+q (k)= n, andv(k;k + ) =
q O(k;p+ g=i m. Then substituting Eq. (2.8.13b) in Eq. (2.8.14), | get

B m+v u=
Mo 1 u=

: (2.8.15)

where | have kept thie, and dependence on each term, excegpt implicit, for simplicity.

Eq. (2.8.15) is an algebric equation which can be solved to get

q
m =my + U m=mp, u)2+4uv
= 0 (2 0 W : (2.8.16)

Eqg. (2.8.16), and (2.8.11) can be solved in each self-consistent cycles to obtain both density
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and current vertices.
If the self-energy is linear in frequency (FL-ansatz), and linear in momentum, | can further

approximate the vertex corrections. Here | get

m (kik+q Z Yk+q i r« ( K); (2.8.17)
Mo I'm

and

Dk:k+g r (K): (2.8.18)

This reduces the density and current vertices as[167]

(k;k + ) m=my=2Z *(k+ q); (2.8.19a)
D (k;k + 0) Ok + )+ 1 (k)
mor G (k;!): (2.8.19b)

2.9 Outlook and conclusions

The important message of my result is that for strongly anisotropic materials where the dynam-
ical uctuations have signi cant momentum dependence, the resistivity-temperature exponent
is not a robust measure of the full correlation spectrum of the underlying quasiparticle states.
| have found that even in the underdoped and overdoped regions, where resistivity exponent
n ! 2, there are considerable amount of NFL self-energies lying in the antinodal regions.
Similarly, in the extreme NFL region near the optimal doping regime (determined byl),

the nodal quasiparticles continue to behave FL-like (witf/ j ! j?). Both as a function of
temperature and doping (and other tunnings), the spectral weight is transfered between the
NFL and FL regions and the system adiabatically transforms from a dominant NFL to a FL-
like state, as seen in experiments. This work suggests that the microscopic and macroscopic
landscapes of the NFL behavior can be characteristically different and that a direct correspon-
dence betweek-resolved spectroscopy (such as ARPES, and quasipatrticle interference (QPI)

pattern) and the transport, and thermodynamical properties are necessary to deduce the global
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and local NFL behavior of a given system.



Chapter 3

Wannier pairs in superconducting twisted

bilayer graphene and related systems

3.1 Introduction

In this chapter, | look into the unconventional superconductivity in strongly correlated sys-
tems, which appears as a result of Mgmattern formation. Unconventional superconductivity

is well-studied in the context of cuprates, pnictides and heavy fermions. But, superconduc-
tivity in bilayer Moiré systems makes the eld equally interesting. Most of the important
characteristics of bilayer Maérsystem come from interlayer interactions. And with increas-
ing tunability of interlayer tunneling with twist angle, all the strongly correlated phenomena,
including superconductivity, can be probed experimentally and can be studied theoretically
with great variety. This may lead to a new understanding and discovery in the eld of uncon-
ventional superconductivity. Here | study the spin uctuation mediated superconductivity in
single-layer graphene (SLG) and in M@ipattern created by graphene on hexagonal Boron
Nitride (GBN) and in twisted bilayer graphene (TBG). In GBN and TBG the superconducting
pairing becomes complicated due to involvement of many lattice sites in &Mait cell.

This complexity is simpli ed by restricting within the atbands and by considering the Wan-
nier orbitals of the at bands, which are localized at the Mdattice points. Thus in this study

of superconductivity in Mo systems, | propose an unconventional paring between Wannier

orbitals and predict the nature of paring symmetries arising from such pairings.

69
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Strongly correlated quantum phases and superconductivity have long been predicted in
single-layer graphene (SLG) at the van-Hove singularity (VHS).[189] However, their experi-
mental realization has so far remained elusive. Recently, both correlated insulating gap[190]
and superconductivity [92] have been observed in a twisted bilayer graphene (TBG) at a nar-
row range of twist angles, namely the ‘'magic' angled®. In this region, the single-particle
density of states (DOS) acquires a sharp peak near the Fermi level, with an effective band-
width reducing to 5 meV.[89, 191] The emergence of this at band is intrinsic to the
physics of Moigé pattern, formed in TBG as well as in graphene on hexagonal Boron Nitride
(GBN).[89, 191, 192] The Mo#& superlattice produces "cloned' Dirac cones at the &pime
boundaries, in addition to the primary Dirac cone at the Bl@one center. The band dis-
persion between the primary and cloned Dirac cones passes through saddle-points or VHSSs,
and hence yields a at band. It is tempting to assume that the "magic' angle creates a similar
VHS-like state as in SLG and/or GBN, and thus the predicted correlated physics of SLG/GBN
are also at play in TBG. However, a closer look at the electronic instabilities at the VHS and
their characteristic localizations into unique Wannier states in the direct lattice reveals stark
differences between them (see Fig. 3.1). This leads to an essential question: How do such

Wannier states, enveloping many graphene unit cells, condensate into Cooper pairs?

The relationships between tkespace electronic structure and direct lattice localized Wan-
nier states of the SLG, GBN, and TBG are delineated in Fig. 3.1. | should caution the reader
that Fig. 3.1 is only schematic and it denotes the localization of the at bands in case of TBG
and GBN. Although Wannier orbitals are not exactly same as local density of states (LDOS),
still the LDOS gives an idea of the wave function localization. A more detailed description of
the localization of the at bands from ab initio calculation can be found in the Ref. [192]. The
effective bandwidth of the VHS/ at band decreases frotheV in SLGto 100 meV in GBN
to 3-5meV in TBG, making the latter more prone to correlation. Fermi surface (FS) of SLG,
GBN, and TBG are compared in Fig. 3.1 at their corresponding VHS position. The FS of SLG
is most at (producing large nesting), while that for GBN is most circular (weak nesting), and
TBG lies in between. In addition, we observe a systematic transition from six-fold to three-
fold rotational symmetry in going from SLG to GBN to TBG, rearranging the corresponding

Wannier states accordingly in the direct lattice. The three-fold symmetic FS of TBG is for
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Figure 3.1: (a-c) Computed FSs of SLG, GBN, and TBG, respectively at their corresponding
VHS energies (dashed line depicts the 1st BZ). (d-f) Corresponding positions of the Wannier
states of the VHS/ at band in the direct lattice. For SLG [(a) and (d)], the VHS's Wannier
states are localized on the "A, and "B’ sublattices in the primitive unit cell. In GBN [(b) and
(e)], the Wannier states are localized on the corners of the hexagond-Stgercell. In TBG

[(c) and (f)], the Wannier states show a fully formed triangular lattice at the at banedon

valley, where "A sublattices of the original two graphene lattices merge on top of each other
(de ned as "AA site). The Wannier states in both Meilattices spread over several graphene
unit cell. a = 2:46A is the graphene's lattice constant, whaltis the Moié lattice constant.

a given valley band, while the other valley band has the complementary three-fold symmetry
so that the FS becomes six-fold symmetric when both valley bands are included.[193, 194]
This three-foldsymmetric FS makes TBG distinct from other hexagonal[189] and triangular
lattices[195] with six-fold symmetric FS and plays an important role in stabilizing a distinct
pairing symmetry here.

One of the most striking differences emerges when the corresponding Wannier states of
individual at band in the direct lattice are investigated, see Fig. 3.1(lower panel). In the at
region of the VHS in SLG near thi-point, the states are localized on the "A' sublattices,
while the states near tH€° point are localized on the *B'-sublattice and vice versa. In GBN

and TBG, the situation changes drastically due to El@upercell formation. In the low-

“For SLG, the three nearest-neighbor (NN) distances for the pairings are[196% (1; P 3)a=2, and
3 = ( 1;0)a, wherea = 2:46A is the lattice constant. For GBN, the next nearest neighbor (NNN) sites are
involved in pairing with odd-parity (as shown in Fig. 3.3), where the NNN positions (on both sidesi@l:e



72 3. Wannier pairs in superconducting twisted bilayer graphene and related systems

energy model of the GBN Maé-lattice, the band structure can be described by that of a SLG
under an effective supercell potential due to BN substrate with the supercell periodicity being
much larger than the graphene unit cell. The corresponding Wannier states are maximally
localized only on the corners of the hexagonal Mesupercell (enclosing several ‘A and "B’
sublattices of the original graphene unit cell),[191] see Fig. 3.1(e). On the contrary, in TBG the
Wannier states of a given valley band are maximally localized on the "AA lattice sites (where
"A sublattices of both graphene layers become aligned on top of each other) at afi-Moir
supercell corners, as well as at the center, forming a full triangular symmetry,[190, 92, 197]
see Fig. 3.1(f). The other valley band is also localized on the same "AA' sites, forming a
unit cell withtwo Wannier orbitals per sitewith different orbitals possessing complementary
rotational symmetry.[89, 191, 193, 194]

The pairing symmetry calculation is performed using materials speci ¢, multiband Hub-
bard model. Hubbard model has a SC solution arising from the repulsive many-body pair-
ing interaction which mediates unconventional, sign-reversal pairing symmetry.[198] Such a
mechanism, often known as spin- uctuation mediated unconventional superconductivity, ba-
sically depends on strong FS nesting instability at a preferred wavevect@),. SEye nesting
can promote a SC solution with a momentum-dependent pairing symmetsuch that the
pairing symmetry changes sign on the FS agn[ «] = sgn[ «+q]. This sign reversal
is required to compensate for the positive (repulsive) pairing potential. This theory of spin-
uctuation driven superconductivity consistently links between the observed pairing symme-
try and FS topology in many different unconventional superconductors.[199, 200, 201, 202]
A k-dependent pairing symmetry incipiently requires that pairing occurs between different
atomic sites in the direct lattice. In what follows, the characteristic momentum structure of the
pairing symmetry is intimately related to the underlying pairing mechanism, FS topology, and

its contributing Wannier sites.
For each material, the non-interacting, low-energy band structures are obtained by tight-
binding model in the unit cell or Mo# cell, as appropriate. Next | solve the pairing eigen-

value (SC coupling constant) and eigenfunction (pairing symmetry) solution of the linearized

(3; v 3)a’%=2,and 3=(0; v 3)a’ witha® 40ais the Moie-lattice congfant. For TBG, the triangular lattice
sites have the NN distances (on both sides) asz ( 1;0)a°% 23 =( 1; 3)a%2, where the corresponding
Moiré-lattice constard®  40a near the magic angles
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Eliashberg equation, where the pairing potential stems from many-body spin- and charge
uctuations.[199, 200, 201, 202] The obtained eigenfunction for the largest eigenvalue gives
the pairing symmetry in the momentum space. The real-space mapping of the pairing sym-
metry is obtained by inverse Fourier transform. This illuminates the Cooper pairs between the

nearest neighbor Wannier orbitals with corresponding phase factor.

In SLG, the computed pairing eigenfunction agrees with+aid-wave symmetry, which
arises from inter-sublattice pairing between the "A'and ‘B’ Wannier sites in a hexagonal prim-
itive lattice. In GBN, the pairing solution changes t@a ip-symmetry where the inter-
sublattice pairing occurs between the nearest neighbor (NN) Wannier orbitals with odd-parity
phases. On the other hand, in TBG, we nd an extenslepairing with even parity phases
between the same Wannier orbitals in NN sites. Note that the extesdegle solution can

produce accidental nodes when the FS is large near the VHS doping.

3.2 Model Hamiltonians for different systems

3.2.1 SLG

A tight-binding (TB) model is used for SLG taking into account nearest neighbour (NN) and
the next nearest neighbour (NNN) hoppings. | start by describing the graphene lattice in terms
of sublattices A and B with three NN translation vectors connecting sublattice A to three NN-
sublattices B as; = (3; p—f)ao, , = (% p—f)ao, s = ( 3;0)a with ay denoting the

carbon-carbon distance in graphene lattice. Six NNN traslation lattice vectors can be written

asa; = (1 2ha= (2 3,a3= (3 1). We can write the Hamiltonian as

Hsic = Hon site ¥ Hnn + Hnn (3.2.1)
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where,

X y X
Hon site = adi. @ + bq QJ (3.2.2)
i; is
X
Hy = t al b + hc: (3.2.3)
hiji;
X
Huw = t° a o +h b +hc (3.2.4)

hh;j ii ;

with , and , are sublattice energies for sublattice A and B respectiveindt® are nearest

neighbour and next nearest neighbour hopping amplitude respectVelpdb’ are creation

operators on sublattices A and B respectively. Next | Fourier transform the creation and anihi-

lation operators to get the band dispersion as

with

X
Hon site = aai; &; + bti; b (3.2.5)
k;
X
Hn = NNa). b + he (3.2.6)
K;
X
Hann = ENNaﬁ; a: + hc: (3.2.7)
k;
X .
=t gk (3.2.8)
i=1'>%;3
N =t gkt i) (3.2.9)

ij (i6])

The model with more tight-binding parameters and their values is given in Ref. [203].

3.2.2 GBN

The low energy model for graphene on hBN is constructed by following Ref. [191]. The

four-band model in terms & 2 blocks is given by

2 3

H Ten:
Heoay = 8 BN BN;SLG %;

(3.2.10)
TSLG;BN HSLG
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whereH gy andHg ¢ are Hamiltonians for Boron Nitride and SLG layers, respectivBlys sn ,
Ten.sLg are corresponding tunneling matrices in sublattice basis. The effective simpli ed
model for this case is obtained by integrating out the boron nitride orbitats asHg

Tsie:BN HBNlTBN;SLG. Now the sublattice dependent terms in the Hamiltonian can be written

as
Hsso= Hgso"' Hé\gg; (3.2.11)
whereHY, is the Hamiltonian that describes Dirac cones &l gives the Moié band

modulation as

Hoo = Hoo(k;G =0) ko (3.2.12)
X

Hes = HYE (k;G) ko k &: (3.2.13)
G60

All the terms of the effective Hamiltonian now can be determined by the following equations

Ho= Co€ ° H,= C,€ *; (3.2.14)
Haa = Ho+ H;; Hgs = Ho Hy; (3.2.15)
Hag:c, = Hag:g, = Cpp€®=3 2e): (3.2.16)
Hag:c; = Hag:g, = Cas® Y (3.2.17)
Hasics = Hag g, = Cag€l 273 ) (3.2.18)

In Ref. [191], it is shown that this effective model can be completely speci ed by six numbers

Co = 1013meV, o = 8653, C, = 901meV, o = 843, Cpg = 1134 meV,
AB = 19:60°.
3.2.3 TBG

The Hamiltonian for the TBG is constructed by following the work of Bistritzer and MacDon-
ald [89]. The low-energy Hamiltonian can be written by considering two SLGs which were

rotated by an angle with respect to each other and tunneling between the SLG layers (see



76 3. Wannier pairs in superconducting twisted bilayer graphene and related systems

Figure 3.2: Momentum-space formulation of TBG Mopattern. Red and blue BZ of SLG
denotes the upper and lower layer, respectively. The upper layer is rotated by an-2rayhel
lower layer by =2 with respect to thé,, k, axis shown in the gure. Smaller (solid black)
hexagons represent the M@iBZ of the TBG for a given valley state. Dashed black hexagon
represents the MairBZ for the other valley state.

Fig. 3.2). Low-energy continuum model Hamiltonian for SLG can be writtendn & matix
as
2 3
0 :
he ()= vkq (3.2.19)
gl

wherev = 3.2 eVA 1is the Dirac velocityk is the momentum measured from Dirac point, and

k = tan (ky=ky), and is twist angle [see Fig. 3.2]. Next we consider the inter-layer hopping
integrals, which can be accurately described by three distinct tunnelings with three distinct
wavevectors); (j = 1;2;3) [see Fig. 3.2], whose directions are given(@y 1) forj =1,
(p 3=2;1=2) forj = 2, and( P 3=2;1=2) for j = 3. The magnitude igq;j = 2kp sin (=2)

wherekp is the magnitude of BZ corner wavevector for a SLG. Corresponding tunneling
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matricesT; are given by

2 3 2 3 2 3
11 e' 1 e 1
T]_:Cﬁ %;T2=Cﬁ ) ) g;T3=C9 ) ] g,
11 e e e' ¢€
(3.2.20)
where = 2 =3 andc = 0:9 eV is the inter-layer tunneling amplitude. Tlkecutoff is

choosen in the rst Moie pattern BZ given by reciprocal lattice vect@s = jq; j(IO 3;0)and

G2 = jg;j( P 3=2;3=2). Now the Hamiltonian for TBG is & 8 matrix given by

2
he (=2) LE! T2 T3
T hg, ( =2) 0 0
Hk =
T 0 hg, ( =2) 0
TS 0 0 hg; ( =2)

(3.2.21)

In this calculatiork-points beyond the rst shell approximation is considered, which results
ina400 400matrix. After diagonalizing this matrix, | downfold the eigenvalues to the two
(four) low-energy at bands for a single valley (both valleys) that are near the FS, and all the

subsequent calculations are performed considering only these bands.

3.3 Electronic structure and FS nestings

As presented in the last section, | use a typical two band tight-binding (TB) model [196, 203]
for SLG. And for the Moigé-lattices in GBN and TBG, | directly use the low energy model.

In Fig. 3.1 (top panel), | show the computed FS topology for the three systems under study
with the chemical potential placed at the VHS/ at band. In the corresponding lower-panel of

Fig. 3.1, | show the Wannier states for the Fermi momenta on the at band.

To estimate the FS nesting features, and the corresponding pairing potential, the multiband



78 3. Wannier pairs in superconducting twisted bilayer graphene and related systems

Lindhard susceptibility (qg;! ) is computed as:

F) fliea) |
[+ y 0

X
(5 q)= F o(k;q)

k

(3.3.1)

k k+q

where , is the " band, and ( ) is the corresponding fermion occupation numbey.
give the orbital indices, and and! are the momentum and frequency transfer, respectively.

Fk.q as form factor arising from the eigenvectors as
Fo(kia) = uY(K)u (K)u Y(k + q)u (k + q); (3.3.2)

whereu represents the eigenvector for thé-band projected to the!" basis (Wannier or-
bitals). The form-factor is evaluated numericdlly.

The 2D pro le of the susceptibility (total = P )for! I Ois presentedin Fig. 3.3
(top panel) for all three systems. | nd stark differences in the nesting features. In SLG, the
FS is extremely at, causing paramount FS nestin@at (2=3; 1=3) r.l.u., and its equivalent
points. The nesting is considerably weak in GBN since here the FS is quite circular, with some
residual nesting occurring at small wavevectors. For TBG, the nesting is strgng 4.=3; 0)
r.l.u.. Such a FS nesting drives translation symmetry breaking into various density-wave orders
in the particle-hole channels and/or unconventional pairing instability. The FS nesting driven

superconductivity stabilizes a characteristic symmetry which changes sign on the FS.

3.4 Pairing potential calculation

| start with an extended Hubbard model with both the valleys:

X
Hine = U n (ag)n o q)
i Ga

’ X
U G "Cerq "Co 4G g #+ V G Ceg Go oGo g
; kik%q 6 ; k;k%q;; ©

(3.4.1)

“For simple two-band tight-binding model of SLE, can be evaluated analytically by substituting the ana-
lytical form of the eigenvectors, yielding o(k;q)=(1+ °cos ), where; %= 1 forthe two bands, and
is the angle betweek, andk + g.[204, 205]
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where and are valley indices, taking values of 1 and 2 for two valleys in TBGand

c are creation and annihilation operators, respectivelyandV are intra-valley and inter-
valley coupling strength respectively. In Eq. 3.4.1 rst term is the intra-valley interaction and
second term is inter-valley interaction. By expanding Eq. 3.4.1 to include multiple-interaction
channels, we obtain the effective pairing potential(k k9 for the singlet and triplet states.

The corresponding pairing Hamiltonian is

X
Hint (k kchi Cyk oC ko oCko
;o kikG; 0
(3.4.2)
The pairing potentials are
1 h i
~S (q) - éRe SUS"‘S (q)US UC"‘C (q)UC+ US+ UC ’
(3.4.3)
1 h i
~t (q) - éRe US___S (q)US+ Uc___c (q)UC US UC .
(3.4.4)
HereUs = U for = andUs°= V for 6 . From the superconducting Hamiltonian
Eq. 3.4.2, we can construct the superconducting gap (SC) equation as
X .
k= "(k KkYhc ko ko (3.4.5)
; kO
Heren = s;t for singlet and triplet pairing channels wherg= , respetively. In the limit
T! T.we havehc o Cwo ol ! n n.xo Which makes the above equation an eigenvalue

equation

X
k= "k kY o (3.4.6)

; kO
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The eigenvalue problem is solved separately for the singlet and triplet channels. The following
equations remain the same for both these pairing channels and thus therihgearhitted

for simplicity. To obtain the pairing symmetry, | focus on tkeoints only on the FS. This

is justi ed since at low temperature quasiparticles near the FS copntribute to the formation of
Cooper pairs. Then this is an eigenvalue equation for the k-points on the Fermi gurfage

For this purpose the matrix can be constructed as

2 3
11 12
Keke9  Kekg©
0y — .
(ke ke)=g 2 o 2,0 :0:7; (3.4.7)

where 1 and 2 refer to the band and valley indices, and kg k2 the Fermi surface

nesting vctorand, _, _oreferstoN N matrix if N number of points on the Fermi surface is
h it

considered for each valley. Now if | denote,, = . & then|can write the matrix

equation and solve for its eigenvalues and eigenvectors as

X 0
- = (ke K2) o (3.4.8)

@

By writing the SC gap function asy = g, where g is the gap amplitude angj is the
gap anisotropy, momentum variation of the pairing symmegy ¢an be obtained in the form
of Eq. (3.5.5).

3.5 Pairing symmetry calculations

Next | compute the pairing symmetry and pairing strength arising from the density-density
uctuations. It should be noted that although the bandwidth is lower near the magic angles, the
FS becomes large at the VHS point. This enhances screening, and hence the effective Coulomb
interaction is reduced.[206] The largest insulating gap obtained near half- lling in TBG is
0.3 meV< bandwidth, rendering an effective weak or intermediate coupling regime for
correlation. For such a correlation strength, the many-body density-density (spin and charge)

correlation functions are computed from multiband Hubbard model. Since the doping range
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is restricted to only within individual at bands, the corresponding intra-band Hubblard

dominate the correlation spectrum. The multiband Hubbard interaction reads as

1 X X
Hie = — U n (an o q); (3.5.1)
BZ 0 q; ©
wheren (q) is the density operator for the"-band with =";# spins, andU is the

HubbardU between the two bands. Based on this Hubbard model, the pairing potential is
computed from the bubble and ladder diagrams to obtain for singlet and triplet channels as[199,
200, 201, 202]

~(q)

h i
;Re 30:~°(q)0s U0°~(q)0.+ Us + O ; (3.5.2)
h i
~t(q) = ;Re Us"S(Q)US + Uc"'c(Q)Uc O 0O: (3.5.3)

Here | introduce 'tilde' to symbolize a quantity to be a matrix of dimendion N, with N
being the total number of bands. Superscript s, and "¢’ denote many-body spin and charge

susceptibilities~*=°(gq) matrix whose components are de ned as

== @1 U= )L (3.5.4)

Here isthe bare susceptibility de nedin Eq. (3.3.1) above. The many-body susceptibilities
are obtained within the random phase approximation (RBA).are the Hubbartl matrix for

spin- ip and non spin- ip interactions, respectively (Eq. (3.5.1)). H&IE® = U for =
andU®“ = V for 6 . The valley indices are not explicitly mentioned in Eq. (3.5.2) for
simplicity. One can construct the valley dependent by considering valley dependeldt

andU differs in different systems.Clearly, largetU increases (decreases) spin (charge) sus-
ceptibility. Essentially in moderate coupling regime, spin- uctuation dominates while charge
sector acts as pair-breaker for the spin-singlet pairitidn Eq. (3.5.2)).

A triplet pairing channel ! increases when the onsite interaction dominates over spin and

“The onsite Hubbard interaction becomes materials dependent due to varying screening effects, as evident in
Fig. 3.3, and also shown in Ref.[206]. We use materials dependent Hubbg@ame for all bands)u =1 eV
for SLG, 100 meV for GBN, and 3 meV for TBG. For TBG the insulating gap i9:3meV< U . This can be
reconciled for a dispersive Hubbard band within the Mott picture or for the Slater picture where thelgap is
times order parameter.



82 3. Wannier pairs in superconducting twisted bilayer graphene and related systems

charge uctuations, as in the case of GBN (see below). In both singlet and triplet cases, it
is evident that the pairing potentials have strong peaks at the momenta where the underlying
susceptibility itself obtains peaks, i.e., pairing potenti&$(q) also diverge at the FS nesting

wavevectors, and hence stabilize a characteristic pairing symmetry in a given system.

Based on the above pairing potential, we solve the linearized multiband SC gap equation,

which is the pairing eigenvalue equation, as given by (see the previous section for details)

gk)= 7 kK9 (K; (35.5)
FS .o

wherek is the Fermi momentum for the” band. The eigenvalue calculation is performed
over the entire 2D FS to estimate the dominant eigenvaliyehich measures the SC coupling
constant), and the corresponding eigenvector gives the leading pairing syngtietryThe
same eigenvalue equation is solved for both singlet (s) and triplet (  t) channels. Since
the pairing potentials = scale with the Hubbartl, SC coupling constant also increases
with increasingJ. Within the rst-order approximation, the pairing symmetygk) does not
scale withU (in the weak to moderate coupling regime). Therefore, the general conclusions
about the pairing symmetry, and the phase diagram are dictated by the nesting strength, and

remain valid for different values df in this coupling regime.

For a repulsive interaction > 0, according to Eq.(3.5.5), a positive eigenvaluean
commence with the corresponding eigenfunctitk) changing sign asgng(k)] =  sgnp(k9]
mediated by strong peak(s) in atQ = k  k’. Looking into the origin of in Egs. (3.5.2),

(3.5.3) reveals that inherits strong peaks from that irf=¢.

3.6 Results

Here | discuss the results of the pairing eigenstates for three systems under considerations at
their VHS dopings. The computed resultsggk) for the largest eigenvalue of Eq. (3.5.5) are
shown in the middle panel in Fig. 3.3. The momentum space symmetry of the eigenfunction

g(k) is obtained by comparing with the orbital symmetry of the spherical harmonics. After
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Figure 3.3: (a-c) Spin susceptibility within RPA approximation for (a) SLG, (b) GBN and (c)
TBG. (d-f) Computed pairing eigenfunctions for the highest eigenvalue of Eqg. (3.5.5) for (d)
SLG, (e) GBN and (f) TBG at their VHS dopings are plotted on the FS in a blue (negative) to
white (nodes) to red (positive) colormap. The pairing structure is consistent withHdrwave
andp + ip-wave symmetry in SLG, and GBN, respectively. On the other hand for TBG in (f)
we nd a rotationally invariant extendestwave symmetry. (g-i) The real space picture of the
pairing for (g) SLG, (h) GBN and (i) TBG systems; denote the pairing strength between
nearest sites which is obtained from Fourier transformation of corresponding pairing functions
[Eq. (3.6.1)].

that | inverse Fourier transform tlgék) to the unit cell/Moire superlcell as

X .
g = L7 e i 0, (3.6.1)

BZ

whereg; gives the pairing amplitude between two Wannier sites separated by a distasee
. . P e . . .
Fig. 3.3(g-)). « =Arg[ ;e ' i]isan additional phase factor arising in the hexagonal lattice

possessing two Wannier basis per unit cell.[207] | discuss below each system separately.
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3.6.1 SLG

For SLG, numerous calculations predicted that an exitic,- + id,, (d+ id) - wave symmetry
is the dominant pairing channel, constrained by the FS nesting at the VHS.[189] | also nd here
that the two highest eigenvalues are the same withD :26 with the corresponding degenerate

eigenfunctions being

I p_ !
g% v»(k) = cos(k, «k)+cos k2y+ x COS zkx ;
! p_ |
g™ (k) = sin k2y+ K Sin 3K ; (3.6.2)

These two eigenfunctions, respectively, represent,. andd,, symmetries in the hexagonal

BZ. Pairing symmetry can be deduced by looking at the irreducible representations of the
symmetry group of the normal-state Hamiltonian. Here, the hexagonal @gyan be
expanded with thé&,, irreducible representatiomlz ,» andd,y, solutions). In general, any

linear combination gives a valid solution because of the degeneracy. However, the quasiparticle

energyE (k) = | (k)2 + j ( k)j? favours ( k) to have as few nodes as possible on the
normal-state Fermi surfacék) = O becuse it is energetically favoured. It can be shown that

a complex combination of the basis functions:( ,2 andd,, solutions) are usually favoured

as it fully gaps the quasiparticle spectrum on the Fermi surface and thus minimizes the free
energy.[207] This gives d+ id-pairing symmetry in SLG.[208] (I repeat the calculation with
differentU, the absolute value of the eigenvalue changes, but the eigenfunctions remain the
same). Fig. 3.3(d) shows tlig. - eigenfunction, overlaid on the corresponding FS a color-
gradient scale. Using Eg. (3.6.1), | obtain pairing amplitude between three nearest-neighbors
to bethos = (2; 1, 1) fords. 2 case, andy;»3 = (0;1;, 1) for thed,, pairing state

(as shown in Fig. 3.3(g)). The result establishes thatdtheid-pairing state in SLG at the

VHS occurs between the NN sublattices with characteristic phases, which accommodate the

FS nesting features and corresponding sign-reversal in the gap structure.
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3.6.2 GBN

In GBN, the circular FS allows small-angle nestings, and hence triplet pairing channel gains
dominance, as in SRuQ,[209] and UP4[210]. With similar argument given in the previous
section, an odd-parity + ip wave pairing is favoured as shown in Fig. 3.3(e). The symmetry

belongs to thé&; representation with two degenerate eigenfunctions[208]:

! p_ |

g™ (k) = sin(k, )+sin k2y+ « COS 2" ;
K | Pk,
g” (k) = cos Ey+ « sin zx : (3.6.3)

Compared to the other two compounds, a considerably lower value=00:03 is found in

GBN. This is expected since this system does not have a strong nesting at a single wavevector,
rather small-angle scattering wavevectors with lower strength. The inverse Fourier transfor-
mation of the pairing state yieldg.,.3 = (2i; i, i) forthep, state andy.».3 = (0;i; i) for

the p, state for the three NN Wannier sites (as shown in Fig. 3.3(h)). Bethd - symmetry

in SLG andp + ip - wave pairing in GBN break time-reversal symmetry, and are chiral and

nodeless in nature.

3.6.3 TBG

There have already been several proposals for unconventional pairing symmetries, and pair-
ing mechanisms in TBG, such dst id[211, 194] as in SLG, odd-paritg + ip[212], and
others[213]. The FS topology is quite different in TBG, exhibiting a three-fold symmetry for
each valley. The three-fold symmetric FS is different from other triangular lattices with six-
fold symmetric FS.[195] This FS topological change plays an important role in governing a
distinct pairing symmetry in TBG. Here an extendedave pairing is obtained as shown in

Fig. 3.3(f), with its functional form given by
ext s — P3 — — .
g (k) = 2cos( 3kx=2)cosky=2) +cos (ky): (3.6.4)

The pairing function is rotationally symmetric and changes sign between thé{daoire center

and corners, governing a symmetry that is consistent withAthegroup and hence called
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extendeds-wave pairing. For the large FS at the VHS doping, the tip of the FS crosses through
the nodal lines and thus gapless SC quasiparticle are obtained in this pairing state. This is
a purelyreal gap function. In the direct Mog-lattice, this pairing symmetry stems from a
nearest neighbor pairing between the Wannier sites in a triangular lattice givggndy 1
for all components, see Fig. 3.3(i).

Please note that the computed pairing symmetry in TBG is different from that of the other
triangular lattices, such as NaoO, yH,O (NCOHO).[195] This is because the FS of NCOHO

has the six-fold symmetry, while the FS for a given valley in TBG has three-fold symmetry.

Valley dependent pairing symmetry in TBG

| repeat the calculation for the pairing eigenvalue and eigenfunctions by including both valley
states for TBG. The FS for the two valleys are mutually rotated to each other bihis
changes the symmetry of the TBG lattice from triangular to hexagonal, as seen from the FS in
Fig. 3.4(d-f). This opens up two competing nesting wavevectonstra-band and inter-band
nestings as captured in the susceptibility result, see Fig. 3.4(a-c). The details of the pairing
symmetry are analyzed in the three limiting cases of (i) intra-valley interattier3:5 meV,
inter-valleyV ! 0, (i) U! 0,V =3:5meV, and (iii)U = V = 3:5meV. In the three cases,
extended-, s - andp+ ip-wave pairings are obtained, respectively. Below | discuss in details
all three pairing states.

(i) First | consider the case for only intra-valley nesting in the limitbf> V . Here the
results are similar to the single-valley calculations discussed above. Consistently, an extended-
s wave symmetry is found for both valleys, where there is a sign reversal between center
and corner of the BZ, with a circular nodal line (Fig. 3.4(d)). Inside the circle pairing value
is positive and outside it is negative. It is called extendetecause of the full rotational
symmetry of the pairing function over the entire BZ.

(i) Next | consider the case for only inter-valley nesting alone in the limi o> U . A
completely different pairing symmetry is obtained. Here | nd@msite s-wave pairing for
each valley state, but the sign of the pairing is completely reversed between the two valleys,
and hence called -pairing state. The result is shown in Fig. 3.4(e). It is evident that the

pairing symmetry does not have akydependence and arises solely from the onsite pairing of
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Figure 3.4: (a-c) Spin susceptibility when (a) only intra-valley interactldhificluded with

V = 0, (b) only inter-valley interactiofV is included withU = 0, and (c) both intra- and
iter-valley interactions are included with = V. (d-i) Computed pairing eigenfunctions for

the highest eigenvalue of Eq. 4 in the main text for the corresponding cases in the upper
panel. TBG at their VHS dopings are plotted on the FS in a blue (negative) to white (nodes)
to red (positive) colormap. We separately plot the two valley result in different rows for easy
visualization. (d-f) for one valley and (g-i) for the other valley.

the Wannier orbitals, with different Wannier orbitals on the same site possess opposite phases.
This pairing state is quite interesting in that while onsite pairing is often considered in the
context of conventional, electron-phonon coupling cases, here one obtains an equivalent con-
dition with an unconventional, electron-electron interaction, mechanism. Note that although
the pairing interaction in obtained from the many-body electronic interaction, the strong onsite
Coulomb repulsion potential is also present. Therefore, the onsite repulsion overturns the this

onsite pairing strength, and such a onsitds disfavored.

(i) Lastly I study the case of having both intra- and inter-valley nestings. The pairing

eigenfunction map, plotted in Fig. 3.4(f) shows an approxinpateip-pairing in a hexagonal



88 3. Wannier pairs in superconducting twisted bilayer graphene and related systems

Figure 3.5: Maximum pairing eigenvalue (SC coupling constarg} a function of chemical
potential shift for TBG. Note that the peaks in pairing eigenvalues occur when a at band
passes through the Fermi level.

lattice. The pairing symmetry can be identi ed by looking at the corresponding nodal lines
[see Fig. 3.4(d)] and by performing a re ection operation on any point of the FS. However,
unlike previous cases, this symmetry contains higher harmonics gftfeve symmetries as
can be anticipated from complicated colormap of the pairing function on the FS. The pairing
eigenvalue of this state is however much lower than the extesdesite pairing symmetry

discussed above.

Doping dependent pairing strength for TBG

Finally, | study the doping dependence of the pairing eigenvaluke SC coupling constant,

in TBG, and the result is shown in Fig. 3.5. | nd thatattains maxima at the positions of the
maxima of the density of states of the atbands (roughly at half- llings in both electron and
hole doped sides). The present calculation does not include a correlated Mott gap. Mott gap
opposes superconductivity and this will shift the SC maximum away from the half- lling. For
future extension of this study, one may pursue to reproduce the experimental phase diagram
by including the Mott gap correctly with more sophisticated theory (non perturbative theory
like DMFT).
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3.7 Discussions and conclusions

All the complexd + id, andp + ip pairing symmetries do not possess SC gap nodes on the FS
and thus their detection usually requires phase sensitive measurements. The extsaded

one in TBG possess accidental nodes on both sides of the saddle-point near the VHS doping,
and thus the SC gap is very anisotropic. Kispace mapping of the pairing symmetry can

be measured via various modern techniques, such as angle-dependent photoemission spec-
troscopy, scanning tunneling probes via quasiparticle interference (QPI) pattern, eld-angle
dependence study of thermal conductivity, and so on. The nodal SC quasiparticle also leads
to a power-law temperature dependence in many thermodynamical and transport properties
which makes it easier to distinguish from conventional pairing. The sign reversal of the pairing
symmetry leads to a magnetic spin-resonance at erergy ( is SC gap amplitude),[214]
magnetic eld dependence of QPI peaks,[215] impurity resonance[216] which all can be mea-
sured in future experiments for the veri cation of the underlying pairing symmetry.

In a typical unconventional superconductor, the Wannier states of the Fermi momenta are
localized on each lattice site, and hence the correspondence between the reciprocal and direct
lattice pairing is trivial. In the Mok lattice, the location of the Wannier states corresponding
to the at band in TBG depends on energy, twist angle, and inter-layer coupling. In GBN,
the Wannier states are localized on a hexagonal lattice. In TBG, they form a triangular lattice
for each valley, where the hexagonal symmetry is restored when both valleys are included.
Because of these materials speci ¢ peculiarities, the pairing symmetry of these materials turn
out to be characteristically unique. The present paper spares several open questions for future
studies. Superconductivity appears at a considerably low-carrier densit§*tcm 2), which
may require adjustments in the theory. The competition between superconductivity and the
correlated insulator gap is another interesting theme of research which will be perused in the

future.
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Chapter 4

Spin topology in twisted bi-layer Moire

pattern

4.1 Introduction

In this chapter, | address the formation of topological spin structurre in twisted bilayer hexago-
nal lattice. Motivated by recent development in 2D magnetic layer systems, | try to incorporate
a simple theoretical description for spin-spin interaction in twisted bilayers. And by perform-
ing a Monte Carlo simulation | attempt to unravel the nature of the spin structure that emerges
at different interaction parameters. Different skyrmion phases as well as some topologically
trivial but interesting phases are found in different regions of the phase diagram.

Magnetic order in one and two dimensions has revolutionized the area of 2D spintron-
ics. While Mermin-Wagner theorem prevents a long-range magnetic order in one or two di-
mensional isotropic systems at non-zero temperature, rare exceptions can happen when in-
troduction of anisotropy gaps out the low energy excitations. Layered Van der Waals (vdW)
materials, where the adjacent layers are held together via weak vdW forces, provide an ex-
cellent ground to search for such magnetic order in low dimensions. Obtaining skyrmion
solutions in low dimensional 2D systems will give new opportunities for science and ap-
plications. Recently, long-range magnetic order has been observed in 2D Van der Waals
(VdW) chalcogenides, halides, and related materials. Intrinsic antiferromagnetic order is
observed in monolayer FeR§217, 218], and inM PX 3(M =Mn,Fe,Co,Ni; X =S5,Se)[219,

91
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220]. Later on, many VdW materials such agGeTe[221, 222], MiX (X =S,Se)[223, 224],
VX,(X=S,Se,Te)[225, 226, 227] were found to be intrinsic ferromagnet. Another exciting
family of 2D vdW magnets is the Cr based materialXg¢(X =1,Br,Cl)[228, 229], which are
ferromagnets in monolayer, but antiferromagnets in bilayer structure, and the two orderings are
externally tunable.[230, 231] Theoretical and experimental efforts to obtain skyrmions in 2D
systems are present. Continuum theory of magnetization eld in the non-linear sigma model
and Landau-Lifshitz-Gilbert model in monolayer and bilayer Maosystems show the exis-
tence of Nél type skyrmions.[90, 91, 232, 233, 234] Recently, a skyrmion phase is observed
in 2D FgGeTe on (Co/Pd) superlattice[235] and R&eTe/h-BN heterostructure[236] due

to their sizable DMI strength.

Skyrmion is a particle dual to a topological con guration of tB€3) elds (read spin) in a
2+1 dimension[237, 71, 238, 239]. Such a spin con guration is an allowed classical solution of
the non-linear sigma model. A brief description for different interactions leading to a skyrmion
phase was given in chapter 1. Apart from those theoretical understanding, there have been
several materials realizations of the skyrmions, mainly in systems with DMI, such as Bloch-
type skyrmions in MnSi[240], CasFey.sSi,[241, 242, 243] C0SeQ,[244] CoZnMn,[245]
and FeGe[246], and&el-type skyrmions in ferromagnetic heavy-metals[247], Kagome lattice
Fe;Snp[248], magnetic Ims,[249], and antiskyrmions in MRhSn[250, 251]. Experimen-
tal abilities to breed,[243, 252] mobilize,[253] rotate[254] skyrmions are also demonstrated
recently.[255, 249] Owing to the topological robustness, skyrmions have numerous potential
applications in quantum information,[256] racetrack memory [257, 258], which demand en-

hanced materials exibilities and tunabilities.

To strategize a new mechanism of the skyrmion, it is worth revisiting it's key ingredients.
Firstly, topological skyrmion con gurations in 2+1 dimension generally belong to the homo-
topy group »(S?) = Z. The homotopy mapping is exact when both the coordinate space
and the target (spin) space are comgtct The constraint that all spirs are aligned at the
in nity makes it possible to project the spin space into a Bloch sphere and thus compactifying
the spin space. When a spin con guration has a one-to-one correspondence with the spatial
dimensions, this in turn compacti es the position sp&%e! $°. The resulting one-to-one

mapping guarantees the spin con guration to be topological with its skyrmion ckagy&
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Figure 4.1: Twisted bilayer setup and ve distinct topological spin con gurations in real space.
(a) Schematic diagram of twisted bilayer honeycomkbr= (twist angle) lattice with a Mo#&
pattern is shown along with two lattice translation vec®rs. A 3D illustration is shown on

the lower right corner, in which a single spin of the upper layer (bright magenta color) interacts
with bottom-layer spins within a circular region (dark green color) of radiys (b-f) Five
distinct spin textures (enumerated by Phase-I to Phase-V) obtainedJn thelp parameter
spare (see Fig. 4.3). Arrows denote the spuector, while red to green color-gradient denotes

s, = 1 to 1values. Dashed thin line in each panel indicates the direction along which a
2D spin projection is shown in the corresponding inset. (b),(d),(f) We show three skyrmion
structures with distinct charge density (shown in Fig. 4.4) and integer topological dQarge
(c) Phase-Il corresponds to a novel higher-order topological phase with streamlines of down
spins, and topological dipole moments of antiskyrmions pairs (see Fig. 4.5). (e) Thisis a trivial
topological phase with nite noncollinear ferromagnetic moment.

an integer winding number. The above reasoning can be reversed for a bottom-up approach. If
the effective magnetic eld (r), experienced by a local spin due to the surrounding spins and
extrinsic elds, lives on a Bloch sphef®?, then within the minimal Zeeman-like coupling, the

eld would lay the ground for a topological con guration for the spins. The second essential
requirement is that the local eld con guration must concomitantly promote a saddle-point

energy minimum to stabilize a skyrmion structure.

Guided by these principles, and with the recent discoveries of 2D magnets, | lay a blueprint
for novel and multifaceted skyrmions (and antiskyrmions) in twisted magnetic bilayers. | con-
struct a Moié superlattice of spins formed in twisted bilayer of VdW magnetic layers with

ferromagnetic order at the bottom a@¢3) spin dynamics on the top layer. The setup is il-
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lustrated in Fig. 4.1(a). | include Heisenberg exchange tekror intra-layer) andl, (for
inter-layer) interactions, and the inter-layer dipole interacligras shown in DFT calculations

to be dominantin such setup.[90] Monte Carlo simulation is carried out to determine the micro-
scopic ground state spin con gurations at low-temperature, and the datid andJp=J;
parameter space is swept to create the phase diagram. Three distinct skyrmion phases are
identi ed with topological charge® = 1, whose topological charge distributions reveal a
previously unknown hierarchy of point-, rod-, and ring - shape in different topological phases.
A novel topological spin con guration is predicted in the vicinity of the=Jp 0:4. |

nd that near the Moié lattice sites, a pair of spatially separated and oppositely charged anti-
skyrmions is formed and govern a topological ("electric’) dipole moment. More interestingly,
such dipoles are found to align anti-ferroelectrically between the nearest-neighbor sites of the
Moiré lattice, and produce aé¥l like order for the topological electric dipole moment. These
results are explained with a dual electromagnetic theory, demonstrating the “electric eld' lines
for all topological charge distributions. | also study the “x-ray diffraction’ (XRD) pattern of the
topological charges (topological charge-charge correlation function) as well as the spin-spin
correlation functions to elucidate the crystallization and phase transitions of the topological
charge centers and dipoles. These results expand the list of possible skyrmion and magnetic
phases (el and Bloch phase) obtained in continuum models to a hierarchy of skyrmions and

its higher order topological phase.[259, 91]

4.2 Theoretical model for twisted bi-layer spins

| consider a single layer honeycomb magnet (magenta color) placed on a single layer magnetic
substrate (green color) of the same lattice structure and lattice constant, as shown in Fig. 4.1(a).
The distance between the layers taken to be same as the lattice constant of the honeycomb
lattice. The spin in the substrate layer is xed to be a collinear ferromagnetic state. This
can be achieved with a strong bulk ferromagnetic material as studied in the literature[233]. |
primarily focus on small relative twist angleswhich give the commensurate Méisuper-
lattices. The twist angle is taken as= 1:61°, which gives a hexagonal Mdrlattice with

a = 35:6ay, whereay is the lattice constant of the single layer system. A critical number of
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atoms in a Moiée supercell, determined by the twist angle, is important to stabilize a skyrmion.
Above this critical value, the obtained topological phase diagram remains essentially invariant
to twist angles and number of atoms, except that the skyrmion radius grows with the Moir
cell dimension. So, there is an upper critical value of the twist anglg% above which the
Moiré unit cell becomes small enough and the magnetic unit cell is no longer commensurate

with the Moiré unit cell.

4.2.1 Hamiltonian formulation

The full Hamiltonian is divided into two part$d = H; + H,, whereH; andH, are the intra-
layer, and inter-layer parts. The spin variables for the top and bottom (subtrate) layers are
labeled bys, andS, respectively. The intra-layer Hamiltonian consists of a nearest-neighbor
Heisenberg exchange and a spin asymmetry term, for both layers. The inter-layer term consists
of many neighbors Heisenberg exchange term and the dipole-dipole interaction term. The
bottom layer's spins are then integrated out to obtain an effective Hamiltonian for the top layer
asHy, Hi+ B s, whereB is the effective magnetic eld exerted from the bottom layer on
the top layers spis. The Moit€ periodicity is imposed by expanding these terms in the plane
wave basis of the Mo& supercell. Hamiltonian for top layét., is solved within the Monte
Carlo simulation.

| now give the details of the model. The 2D VdW systems in single and bilayer setups
are observed to show an in-plane ferromagnetic (and out-of-plane ferro- or anti-ferromagnetic)
order with the spin quantization axis to be out-of-planlifection).[87, 260] Such a magnetic

ground state is reproduced by the model:

X X )
Hi(s)= Jj sy K (sz)"; (4.2.1)
<ij> i
wherei;j are lattice sites within a Moér supercell. The rst term is the nearest neighbor
Heisenberg interaction with coupling constdpt> 0 for a ferromagnetic phase, akd gives
thez-axis asymmetry, breaking tt@(3) spin degeneracy ;(S) term gives the corresponding

Hamiltonian for the bottom layer, with; andK kept xed.

The inter-layer interactiotd, is the crucial part. Depending on the twist angle, espe-
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cially at small twist angles, a spin at the top layer interacts with several neighboring bottom
layer spins, and hence the inter-layer interaction involves terms beyond the nearest-neighbor
exchange interaction. The inter-layer interaction is mainly dominated by several nearest-
neighbor exchange interactidh,, and dipole-dipole interactiondp) asH,(S; s) = Hex+ Hp

where

Hex

) J? (rij )S, :Sj ; (422)
X 1
Jo ISy 3(Sify)i(s Ayl (4.2.3)
i L

Ho

i, ] are the site indices in the bottom and top layer, respectively.= r;  r; with f
being the corresponding unit vector. Since both interactions are long-ranged, we need to set
a cutoff radiusr¢,:, see Fig. 4.1(a) (inset). Due to higher powenpfin the denominator,
the result converges quickly by, < 208y which is much smaller than the Meilatiice size

353y. For realistic VAW materials, the dipole coupling strength is smil (  0:1J5)
and the interlayer exchange is also small compared to intralayer exchange (0:3J;).
So intralayer dipole would be 100 orders of magnitude smaller Jhaithis small magnitude
will not change the spin orientation coming from the strong intralayer ferromagnetic alignment
considered here. But, if intralayer dipole is large enough, the effect can be non-trivial and the
spins would tend to align themselves more in the planner direction. Inclusion of intralayer
dipole interaction on the top layer makes the problem harder since the spins on the top layer
changes at each Monte Carlo step. New technigue needs to be implemented to nd the exact

spin con guration for larger intralayer dipole-dipole interaction.

Next, the bottom layer's spins are integrated 8utind an effective magnetic eld is de-

ned at the top layer at; asB(r;) = Be(ri) + Bp(r;), whereB .y, andBp distinguish the

contributions from the exchange and dipole-dipole interaction terns.g$;) = %‘f* =
P e S .
37? . €627 andBp(r;) = %ib. We setS; = ‘2 for all unit spins at the bottom layer. This

may be achieved by considering the Mobilayer at the interface of two bulk materials, where
the lower layer comes from a material which has very high ferromagnetic exchange. This can
force spins of one layer to align in z directio@.,(a = 1 - 6) are the six minimal reciprocal

lattice vectors of the Mo#& superlattice. The six possible smallest reciprocal lattice vectors
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are included in the Mo# lattice and the results do not change with the inclusion of negligi-
bly small contribution of higher reciprocal lattice vectors. Dipole interaction is known to be
an useful ingredient for (generally bubble-type) skyrmions and antiskyrmions,[70, 238, 251]
but are signi cantly weaker in strength in real materials. In twisted bilayer system, however,
the intra-layer dipole interaction is considerably enhanced, and is found here to be detrimen-
tal to the bubble or Bloch skyrmion phases (see below), while promoting novel and distinct
skyrmion phases.

In this manner, the bottom layer's effects can be cast into a Zeeman-like term at the top

layer. The full Hamiltonian hence takes the form
X
H = H; B(ri) Si. (424)
i
In this way, the total Hamiltonian simpli es to the form used in the introduction for discussing

how the in-plane spin is enforced to lie on a topological compact spadwy tailoring the

‘long-range’ Zeeman coupling.

4.2.2 Effective inter-layer magnetic eld

The effect ofHex andHp can be described by effective magnetic eédr;) coming from
exchangeB¢.(ri)) and dipole B (ri)). Taking all the bottom layer's spi§ to be along the

+ z-direction, The eld components can be written explicitly as

Bex(ri)

|
(]
D

cosGairi)2; (4.2.5)

#
X d? d
i

I
=

Bo(ri)

The indexi denotes a top layer spin. The sum oyetenotes a sum over bottom layer spins
and is restricted up toc,: = Ncyd@o. Due to the higher power af; in the denominator,

it is easy to check that the summation converges very rapidi\N¢,: < 20), much before
the Moire supercell lattice vectd®;., 35a9. G, denotes three lowest M@rreciprocal
lattice vectorsg is the inter-layer distance, ang, y; arex andy coordinates of'" spin. B ¢y

is plotted in g. 4.2(a) and (c) fod, < 0 (ferromagnetic) and, > 0 (antiferromagnetic)
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Figure 4.2: Effective magnetic elds along tlzedirection in the Moié unit cell. (a) Field due
to the inter-layer exchange interactidBc() for J, < 0 and (c) forJ, > 0. (b) Field due
to the inter-layer dipole interactiol8() for Jp > 0. R; andR, denote the two translation
lattice vectors.

respectively. Please note tHag, changes sign in the Mdrunit cell creating a local effective

eld landscape when combined wit (shown in g. 4.2(b)). This is responsible for various
spin pattern seen in different phases. Also note thalfox 0andJp > 0, B¢, andBp have

the same sign at the corners, and create a narrow domain wall in Phase |. But fd¢ both
andJp > 0, Bex andBp compete at the corner, and thereby create a wide domain wall, and
consequently produce a stable skyrmion in Phase V.

Here, | should distinguish the effects of the dipole-dipole interadtignof the present
study versus the previous ones. In earlier studies,[70] such an interaction is involved for
the same intra-layer spin (betwesrand s variables) which tend to give magnetic bubble
phases.[238] On the other hand, here the dipole interaction is between interdayetS),
and is detrimental to the bubble or Bloch skyrmion phases, while promote the streamline ow

of the polarity density.

4.3 Monte Carlo method

In the Monte Carlo simulation, the local Hamiltonian is minimized for a single spin with
temperature annealing as well as parameter annealing, the total energy of the system is also
converged in each case. In all the calculations performed here, the minimization of the local
Hamiltonian corresponds to minimization of the total energy. Next | discuss the details of the

Monte Carlo simulation.
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As mentioned in the previous section, the Hamiltonian for the top layer can be written as

H=H;+ X B(ri):si: (4.3.1)
i
HereH; is the intra-layer Hamiltonian and(r;) is the effective magnetic eld due to inter-
layer interaction. The lattice sitg spans the Mo#& unit cell. In this calculation at the com-
mensurate angl&61° there are 2522 basis site per unit cell. All the classical spins are set to
have unit length$ = 1) so that all the spins can be speci ed with two parame&rand
where is the angle that the component of spin on xigeplane §¥) makes with thex axis.

From these two parameters, all the three components of the spins can be extracted as

q
V=1 (s
s = ¥ cos();

s = s¥sin( ): (4.3.2)

The simulation is initialized with all spins pointing upward i.87,= 1, and then the next spin

is chosen randomly from all the lattice points. The update algorithm for that spin is given by

Sf = si+ ds?;

i= i+t d: (4.3.3)
And if jsfj > 1then

S=2 (+ ds?);

i= i+ d + (4.3.4)

Here the signs are fois? > 1ands? < 1, respectively. is a random number between 1

and -1, andls* andd are ranges of* and .
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At each Monte Carlo step the local Hamiltonian is calculated as

X
H(ri)oc = Ha(ri)  B(ri):ss (4.3.5)
X |
Hl(ri) = JjjSi:Sj . (436)
<i;j>
and each con guration is accepted with a Boltzmann probatslity )ic’ H()5e1=e T gt tem-
peratureT. To nd the low temperature Monte Carlo ground state temperature annealing as
well as parameter annealing were performed, and convergence of the total ground state energy
was veri ed. At low temperature the value d§’(= 0:1) andd (= 0:1 ) was decreased (from
ds* = 0:4andd = 0:4 ) to increase the acceptance ratio in Monte Carlo steps. The system

is equilibriated with1(® steps and low energy con guration is taken after anoft@rsteps.

4.4 Results

4.4.1 Phase diagram

The Monte Carlo simulation yields a plethora of quantum and topological phases; ve such
distinct con gurations are identi ed in Figs. 4.1(b)-(f). The corresponding phase diagram

is presented in Fig. 4.3 fak, =J; andJp=J; with J; > 0. In the phase diagram, the red

and blue shaded areas denote distinct skyrmion phases with topological in@r=nt 1,
respectively. The white regions represent a higher-order dipoler antiskyrmion phase (Phase-
II), and a trivial phase (Phase-IV). From Figs. 4.1(b),(d), and (f), it is evident that the three
skyrmion phases, denoted by Phase-I, lll, and V, are characteristically exclusive, which will
be distinguished below in multiple ways. Phase-Il has zero net topological charge, but possess
higher-order topological dipole moment and its antiferroelectric ordering. The Phase-IV bears
no topological or exotic quantum order (except nite magnetization due to a collinear spin

ordering).

R
The particle dual of the skyrmion is a topological charge denote@d by d?r (r), where

(r) is the topological charge density. With its corresponding current degity the three-
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Figure 4.3: Phase diagram of ve distinct topological phases. The inter-layer exchange cou-
pling J» and dipole interactiodp are varied with respect to the in-plane exchange coupling
Jj. Jo < Ois an unphysical value, however, mathematically it leaves the phase diagram sym-
metric when the sign af, is also reversed. Red and blue color distinguishes skyrmion charges
of Q = 1. Phase-ll, although features a 1IGgt= 0, exhibits a novel topological dipole mo-
ment of antiskyrmions which produces an antiferroelectric order state. The horizontal dashed
line indicates the realistic parameter range as deduced in a DFT calculation.[90]

component density operatals = ( ; J;Jy) can concisely be de ned as

J ()= 5 " @n @n; (4.4.1)
where ; ; = 0;x;y are time-space indices, and thelependence on the unit vector eld
n = s5sj is implied. The vortex density is de ned agr) = @n @n. In this layered

geometry and with the-axis asymmetry, it is natural to expect that the vorticity of the spin-
texture commences in the-plane, i.ey, dominates. Then the corresponding polarity density
is simply governed by,(r). The z-components of the polarity density(r), the vortex
densityv,(r) and the charge densityr) are investigated in Fig. 4.4 in three different rows for

the ve distinct phases (different columns).

The mechanism of skyrmions and antiskyrmions is retrieved as follows. It is known
from the topological band theory[261] that the polarity eld (equivalent to the Dirac mass

for fermion elds) forms a nodal (closed) contour, across whigfr) changes sign this is
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called the domain wall (see top row in Fig. 4.4). The vorticity elgdr) inside the domain

wall acquires singularity either point- or rod-, or ring- shaped singularityand cannot be
removed with a trivial gauge transformation (see middle row in Fig. 4.4). Hence the topologi-
cal charge density(r) becomes con ned within the domain wall (see bottom row in Fig. 4.4).
The homotopy mapping of the(r) eld on S? in ther-space quantizes the topological charge
Q 2 Z, where the integration af is performed within a single domain wall of the polarity

density [see black solid lines in Fig. 4.4(f-0)].

4.4.2 Skyrmion Hierarchy

Phase-l is a topological phase with= 1, and is present in most of tile =J; < 0 region.

It is destabilized at smaller values & by stronger dipole interactiody. The distributions

of n,, v,, and for Phase-l are shown in the left-most column in Fig. 4.4. The polarity density
mapn,(r) demarcates a sharp and circular domain wall boundary, which reminds of a mag-
netic bubble observed in astronomical space, as well in magnetic systems.[262] The vorticity
and charge densities of this phase, however, reveal much richer structures unknown before.
Fig. 4.4(f) shows that the nodal ring of the polarity density (black line) encloses a circular
vortex density, (r) structure. In facty,(r) is positive (negative) outside (inside) the domain
wall, and share the same nodal ring as thatgf). In what follows, the charge densityr)

also acquires a singular ring geometry, con ned by the domain wall boundary, see Fig. 4.4(k).
This phase is also topologically equivalent to the Dirac nodal ring state[263] in the electronic
structure in which the topology is de ned via Berry gauge connection.

As J, ! J-, keeping all other interactions xed, a characteristically distinct skyrmion
texture (denoted by Phase-V) is obtained with opposite chapges 1. Unlike the sharp
domain wall in Phase-In, varies smoothly withr, and forms a (nearly) elliptical domain
wall in Phase-V. Moreover, the Phase-V has a point-like topological charge center sitting at
the Moiré supercell center. Hence as opposed to ring-singularity in Phase-I, Phase-V acquires
point (pole) singularity. The asymmetry between the Phase-l and Phase-¥, afor xed
Jp, results from the competition betwedn andJp. The phase diagram is reversal between

J, forJp ! Jp.

The skyrmion Phase-Ill occurs in the vicinity 3 0, and is mainly stabilized by the
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Figure 4.4: Local variation of polarity, vorticity, and topological charge densities in the ve
different topological phases. (a-e) Theeomponent of the polarity density(r) (see main

text) is plotted in blue to red colormap, denoting down to up spin componergs off-))

We plot the vorticity density,(r) with blue to red colormap. The black solid line marks
then, = 0 domain wall boundary. (k-o) Corresponding topological charge denéityis
plotted here. In Phase-Il, IV, although charge centers are formed but the net Chardge

In Phase-ll, fractional charge centers are con ned by streamline domain wall, giving a novel
topological dipole moment. There is no domain walhgfin Phase-IV and hence its a trivial
phase. (Different color scales are for the ve phases in the middle and bottom panels.)

long-range (out-of-plane) dipole-dipole interactigsy The magnetic domains are elliptical in
shape, and concentrated at two sides of the &siupercell. As seen in Fig. 4.4(h) and (m),
then, nodal contour con nes a xed-sign vorticity eld (positive), and hence the topological
charge distribution (negative sinog < 0) becomes quantized. The topological charge density
is distributed inside the elliptical domain wall and gives a rod-like singularity. Such a rod-like
topological charge distribution repeats periodically [see Fig. 4.4(m)] and give a nematic or

smectic crystal.

In all three skyrmion phases, each Mosupercell contains a single skyrmion con gura-

tion. Therefore, a suitable characteristic length scale associated with different skyrmions can
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