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The H F procedure we derived in the previous chapter produces a

set of equations to be computed self consistently for My F and Ex In
fact the first computer used in physics in 1950 Go was used to
solve the H F equations Solving it analytically is not easy except
perhaps if the solution WCT is known say by symmetry
Note that Wal are solutions involving both Wion and Vee and
Die breaks the continuoustransactional symmetry So the solutions

can be expressed in terms of Bloch wave Ux r Upir e and
one needs to then solve forthe UE part numerically

For an analytical solution one makes a simplest but
not necessarily correct approximation for Nie it we assume

Vie is conflilityforminthesysters view E Wion 10

In anotherwayof saying is that the nucleons are distributed

uniformly to give a positive background charge Nione which
in uniform nion f nion10 This is called the Jellium Model

This is an ok approximation for
the very long wavelength or small wave rector electronicstates
but then one needs to perform intergration ink all the wayto
infinity and encounter unrealistic results This in real space
mean the electrons are comming to close to each that which
causes divergence in the Coulomb repulsion There is another
divergence in the Coulomb potential in the momentum space
that occurs as k 0 These two divergences are very well

known inffield theory or continuum low energy theory



called the ultra violate UU or high energy divergencefor kt
case and infra red IR or low energy divergence for kt 0
one In the Jellium model these two divergences are removed

by the condition on charge neutrality at all positions and
the effect of screening ofthe electronic charge density

But the great advantageof the Jelium model is the translational
symmetry of the Hamiltonian which dictates that thesolutions

of the interacting Hamiltonian must be lane wave states ie

E U.pe e I c when ve volume
Planewaves are theeigenstates ofmomentum and hence that of the E term Any
localpotentialgives wavepacket A blamewave A F wavefunction means the final
H F Hamiltonian will beroughly a K E term with renormalized mass

Then the H F wavefunction in the Jelium model is

1a IT ch 10 2
KERF

when Kp in the Fermi momentum

TH
W 4 Write a H F wavefunction by including election's

spin o

I Assume a ferromagnetic case withmagnetization
m µB N Nx 0 MB Bohrmagneton Write
the H W wavefunction forthis case in theJelliummodel

ii Include orbital sublattice index in In and rewrite
eq for a multi orbital multibandmodel



Now we compute various terms in the H F equation
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ifeng.hn Er K E of electrons

So H IF Go in the andquantizedform

The electron electron interaction The electron electron

interaction in the 2nd quantized form for this A F plane wave
case is thesame as that was obtained in the momentum space

by Fourier transforming to the k space in the previous
chapter This is because the Fourier transformation coefficients

are nothing but the plane ware solutions So we have

H2 I gree
a City o Crig o Ckor Gro 4

where Vee a is the Fourier component of the electron electron

interaction for the caseof long range Conlomb interaction
Week its Fourier transformation is solved in H W 1

Vee or fd r e reels 45 5

In eq we have assumed continuous transnational invariance which
translates into the incoming momentum and outgoingmomentum

must be the same In the Feynmann diagram thismomentum

conservation ensures that the total momentum at each vertex is



conserved as shown in the picture
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since the Conlomb interaction does not allow spin flip so thespin is

also conserved at each vertex contact

The next step is ofcourse to obtain the expectation valuesof H1 H2
w r to the plane wave states
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We use Wick's theorem which breaks this quartic term into the
product of expectation valuesof all possible bilinear terms In
thepresent case we have directand exchange terms
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Dieter The first term is the Direct term

I Smart
electrons

4T nq o sa

Now we see that at 9 0 the Coulomb interaction diverges This is
where the uniform positivepotentialcomesto rescue Let us lookback atthe

ionic potential term

vie e fdrdrniff.tt
e Nionfdr 78 since nionte nion o

so we set Ñ 0

Eq 42 Moro 8b

we are looking at a single electron's case which is in the
outermost shell and it experiences an average positive charge

of 1 Became itsthe nucleons charge the core electron'scharge

Therefore Nione 1 Hence eq 8a and 8b exactly cancel

each other at all values of q Therefore in the Jellium model

of uniform positive change background thedirector Hartree
term drops of eliminating one of the divergence singularity
of the problem This is an important achievement of the
Jellium model



Elaine the only contributing term of the interaction a the
exchange term with a negativesign so its lowertheenergy
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Forthe same reason that the ground state is a Fermisea the
momentum spin conservation in each term restricts o o and

k q k This same skins on differentstate is clearly due to the
quantum effect

I Need nro.hn o
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we have sumed
over whichgives

where ex k
4T

p
2 a factor of 2
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This is thefamous FIX we will keepseeing it againfasting
Became KEI as k kF at zero temperature so theexchange

term remains negative Recall that the exchange term comes

from two electrons of same spin o trying to occupytwo different
momentum states Note that we started with contombrepulsion
with a positive sign but obtain an effective interaction
with negative sign like an attraction between two electrons

This is because the actual classical conlomb repulsion term
in cancelled by the background charge and what is left is a

the correlation term due to Pauliexclusionprinciple ofthequantum
statistics Its a correlation between twoelectrons of the samespin
are correlatedsince they knowthat they cannot occupy the same
state As a result each electron is surrounded by an exchange

hole a region around the election in which the density of
same spin electron is depleted than average such that thepositive
background charge does not exactlycancel this negativecharge in
this region Hence the exchange hole region effectively acts as

positive charge and attack otherelection of same spin
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renren.ae
One
may wonder

that the other electron is also screened tobe an
exchange hole and hence one could have a repulsion between

exchange hole But this way of thinking is not correct line
the exchange hole is a quantum state seen by the electronicpart
of the other election with same spin From the electronic part ofthe

first election the second one looks as an exchange hole

We also notice that the exchange term only contributes for
the same spin And the exchange energy is negative Bolt
these properties suggests that the system prefers to have all
states occupied bythe same spin as that lowers the energy

of the ground state Therefore the exchange energy favors
ferromagnetic order and sometimes ferromagnetism in called
the ferromagnetic exchange energy



ThisFiftation between electrons

ng something called the fair correlation
function geri 59 This is analogous to joint probabilitydensity
normalized probability of finding an electron at it given that
at the same time there is another election of same spinati

88

where the expectation value in taken over the H F groundstate

By goingto the momentum space and wiry Wick's theorem we

can evaluate it Needless to say its the e e interaction that
contributes to the fair correlation function

See Vignale's book



Dimensionless length scale rs is s

Exchange hole is not completely local rather a cloud of
positive background charge that cancels the negativecharge This is likethe
exclusion volume in the Vander Waal theory of weaklyinteracting

gas molecules such that above this longhscale theparticles act
like classical one This means the total volume of electrons with
charse neutral volume should make up the whole volumeof the
system 11 This gives

41 N V 409

Now N 2 II 2 1,4 where net
Ca

or the density of electrons he N R 3A b

So we get fris f.FM i ob

rws in called the Wigner Seitz radium
In typicalmaterial the lattice constant A So for re IA

we get the Fermi velocity of the m 108am s c Boo

A more appropriate lengthscale to compare rws in the Bohr radins
ao me It is conventional to work with a dimensionless
lengthscale 8s definedby Ts tws ao

8 21 called the dense limit
rs 21 called the dilute limit
2 rs 6 in typical metal



In the dilute limit one can roughlysay that the
elections

are fortomeach other hence its k E is quenched Because

only the potential energy ispresent so the wavefunction must be
localized in real space
In fact the electrons get localized in a periodic crystal
not the one from the periodic arrangement of the nucleus
because here we don't even have a lattice This
electronic crystal is called the Wigner Crystal

In the dirt vsKD the election's hoffing is enhanced

and we have good metals

In between the two limits rs 1 both K E and the
correlation effects become comparable Here interesting
phase transitions symmetry breaking phenomena such as

ferromagnetism happen
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notes

comparable

symmetry breaking Electrons are

phases such as F M localized

spin chargedensity wave Wigner Crystal

Extended states Wave Particle Particle like

wave propertiesof duality properties

electron I
Plane wave ansate Try a warepacket 8 function
for H F wavefunction ansatz for thebingle states for 17 FWit

particle state and
construct a slater
dterminant



soadding egs 6 9 we now have the total energy ofthe
Jellium model as

Jellium La He Hz G
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We wanttomassage this expression towrite each term interms ofdimen

521m total energyperelection

where Ro is the Rydbergconstant

Its now obvious that as Ts 2 1 ie in the dense limit the

first term ie the K E term dominates In the other limit
rs 771 the exchange term dominates over the kinetic energy Since
its a negative energy we essentially have bound electrons

Ignoring the othercorrections denoted by this transition happens

at rs 241 For metals 26 6 which means most ofthe
metals would become Wigner crystal Thisdoes not happen dueto



of

other corrections as well as dueto electron phonon confling

Since the K E term Ek E Yrs and Econlomb Yrs one

can also treat rs Econlomb Ek E as the ratio between the

long range Condomb repulsion and the K E energy As rs
increases the coulomb interaction becomes more and more important

So it looks like rs is a nice expansion parameter and we obtain

so far a powerseries in terms of rs rela kÉ onecantryto
obtain higher order terms in rs Gell Mann and Brueckner obtained

higher orderterms bytreating H2 as perturbations Then theexchangeterm
we obtain above is the firstorder perturbation term Theyobtain 2nd and

third order terms which goes as

Esallium N 0062 hrs 0.096 Ry

so we again encounter another log singularity in the2ndorderterm
This log singularity term implies that a system with charge mentality
cannot be stable analytic at all lengthscales Infact most ofthe
metals have rs 1 and hence the above series isnotconvergent

in the series expansion of rs One needs to either considerall orders
in rs in which some of these singularities are removed or consider

a full lattice of positivecharge where bandwidth ofelectrons are
finite or use advanced numerical methods such as QMC
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Returning back to the dispersion relation it is now modifiedto

ECR I Eex k
EEG Self energy

Ef x 0 6638s FIX 12

x k ke
where EF Fermi energy

KÉ2m and

Fa In

We often call the correction to single particle energy as Self energy
we notice that for real in for states awayfrom the fermi
lord the leadingterm remains the K E term and one

obtains a quadratic dispersion TIE but with an
effective mass In 0338sEr These are called

quasiarticle excitations

The problem arises at a k RF 1 Here theloge n term
in the exchange energy diverses But there in E term in the
numerator So we need tocheckthe limits It turns outthatthe
effective mass goes to zero as k Rf ei the Fermi velorily

Up at kt ke The dispersion becomes completely

sharp at k KF see the picturebelow This can be
seen as follows IF

4 1 and 854 unifyRF RF be
or IF Re m



Now Off bn K RF a as k kf As Ey UF k kF

and WE α so the energy dispersion has a logarithmic

singularity in the slope at k ke
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The density of states at the fermi level Dos 1 OF 0 in

there is a complete suppression of density of states aroundthe

Fermi level This is called the Coulombgap for metallic

systems this singularity is unphysical and not observed

experimentally The origin of this artifact can be traced
back tothe long range Coulomb interaction I or which
causes divergences in the interaction strength at small momentum

transfer q Note that the direct term only removes q o

term but not all small orterms In real material the

long range coulomb interaction becomes screened by other
electrons This changes the coulomb interaction to be short

ranges as e r 94k where it isthe'TiÉñ ji
length This screening removes this divergence and one

has finite fermi velocity and mass which are different

from bare electron's velocity mass at the Fermi land
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It turns out the above discussion of divergences in
Vf at ke for 3D is even more severe in 204 ID The

exchange energy ie the f n function has theform as

Fa 14 In IT in 3D

1 01 1 FIT in 2D

but in ID

The function behaves as

F a

f

2D

n

In 3D Fery in continuous but its derivative ie VF has
discontinous jump In 2D Fin in discontinons while in 10
F n has log divergence Therefore the exchange energy in the
Jellium model in singular in all dimensions



3 3 Wignercrystal

Now let us turn to the low density ie rs 771 limit In this case
the separation between electrons are large enough that the electronb

k F term is irrelevant and the onlyterm that is important in the
exchangeterm Since its a potentialenergyterm the corresponding wavefunction
in localized in space since thefeististateswould be the eigenstate of the
position operator Now all electrons cannot localize at a givenposition

they mustmaintain some optimum distance betweenthem to avoid
correlation It does not reallymake sense that the

electronswould just
position themselves randomly because a disorder arrangement of
electrons have finite entropy and we are really at some verylow
temperature Therefore the most logical situationhere wouldbeto
have the elections arranged in a periodic crystal Indeed this

happens in the limit of rs a Such a crystal is called the

Wignercrystal
Wigner consider a 8 function for eachparticleswavefunctions

8CF Fi in some latticedefined by Fi and wrote a slater
determinant for the many body state It turnsout to be an
exact wavefunction for the exchange energy It is not obvious
what sortof Bravais lattice one gets and it depends onmanyfactors
including It is generallyseen that in 2D one obtainshexagonal

or triangular lattice while in 3D bec has lowerenergy
than fee and then simple cubic structure



The criterion we would impose of course that the charge remain
neutral within an unitcell because otherwise the whole system will not
maintain change neutrality This determines the volume of the
unit cell sayRws as In N Z where n is the densityof
electrons and 2 is the numberof electrons per unit cell For a

Bravais lattice 2 1

Estimatuof.energyef.ch ig erCrystal

since the kinetic energy is quenched we only focus on the
potential energy

U IS did

3

where ri are the positions of
electronsME neiteconstant

positive background charsedensity
We can try to minimize the energy by taking a slaterdeterminant

of delta function or some broadened function wannier function

But because of the divergence of the long range interaction its
hard to obtain converged solutions But as we saw above the

divergent terms canceleach other to that one expects a finite
solution meaning Wigner crystal occurs



Our rough estimate of the total energy within the
Jellium model already predicts that the exchange energy
dominates over the kinetic energy in the limit of rs 1

Therefore the kinetic energy is suppressed and thepotential

energy dominates and hence electrons are indeed in a

bound state within the radius of rws The only
issue here is that we started with plane wave

solution as ansate and obtain bound state and hence

they are not self consistent We have to start from
a localized state like delta function as the

wavefunction ansate and obtain the expectation value
of the k E Elcho ion direct and exchange
energies Then we want to show that indeed
such board state negative total energy exists for
7s 1 This was rigorously done by Wigner

We will here make some semi classical
estimate of the same



we can however make some quick estimates semi classical

Treat the crystal as a collectionof electrically neutral unit
cell say each unit cell has one electron and 1 positive

background charge
There is no dipolemoment in an unit cell ie the charge

centers of electrons coincide with that of the background
Each eledron interacts with finite number of nearestneighbors
something like a short range interaction with a cut off

beyonda given nearestneighbor So this interaction does not
depend on the total numberof unitcells in a crystal This
is why the total energy scales as N not N even for
two particle interactions

V Valve N Vall to
where Vcell ro in the energy per unit cell in which the
electron in that unit cell only interactwith afewnearestneighbors

Wemap the actual unit cell volume area in 3D 20

to that of a sphere or disk Wigner Seitz cells wilt
the volume area being preserved

e g III
s rsao

actual unitcell
The radius of this cell is the Wigner Seitt cell re Tsao
where do Bohr radius and Is in as introduced earlier



These neutral spheres do not interact witheachother Therefore
there is no kinetic energy for the electrons as thatwould

mean elections are hopping from one spture toanother But

that is discarded in this approximation

We evaluate the onsite potential energy of an electron

inside a WS spherical unit cell interacting with the positive

uniform potential

1m Wis Cell

8590
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density

The difference of the electron in the W S cell with an

electron in an hydrogen atom is that in the Wis the

positive ionic potential is uniform whereas in an

atom thepositive potential is concentrated at thecenter

of it on an atom the board state energy is
e
a 13 6 ev and the wave function in re

0 90

for the s orbital Here the electronhas kineticenergy Conlomb

interaction and wing the virial theoremforCoulombpotential 2
we have 2



we have a slightlydifferentsituation here The electrons
are completely localized and hence there is no kinetic energy
The potential energy profile in also different

Thepotentialdue to thepositive background
s

potential at r is given bythe charge contained
inside the sphere of radius r Accordingto the Gauss law
The total charge in the volume of radius runs in e The uniform
positive charge density in nion E.IE y
Then the potential at any distance r from the center in

an In a

t.in i li

This is the potential felt by a charge particle
sitting at r Then the potential energy felt by the electron sitting
at thecenter r o in

Vie Luices e 910

The potentialenergy due to ion ion interaction is
0

vii sirloin 1
NS VWS



Since there in lingle electron in the W s cell there is no

electron electron interaction Vee 0 And kineticenergy is
also Zen

Therefore the total energy per Wis in

Vcell Viit Vie Use K E

In B

we notice that this energy is slightlylowerthan the
atomic energy for 8s 1 and for 2 Crs 6 formetal

already we have higher energy than atomic energy Of ours
with H f calculation and with corrections the result

improves and one indeed have Wigner crystal



What about the exchange term
Recall that the exchange term arises from the overlapbetween

the wavefunctions In the above semi classical estimate we have

delta funition wavefunition Hence no overlapand no exchangeterm
But in reality thewavefunctions are broadenened duetomany body
interaction and one has the exchange energy which is negative
and thus lowers the energy further The exchange energy was
evaluated earlier to be for plan waves

v9 Rs

Correlationies The definition of a quantum correlation
energy is the energy difference between fullyquantum minus semi

classical energy corr

cell
U Va

Ry for a α



ConcludingRemarks

In this chapter we studied the many body Hamiltonian

of electrons with long range coulomb interaction through the
Hartree Fock wavefunction ansaft The H F wave function
is a simple product stat of single particle status milk
a stater determinant form to take into account thefermionic
statistics of electrons The single particle status are the

variational functions so that in the variational many body
ground state these single particles are not really the
non interacting electrons that we started with but some sort of
quasi articles which are the solutions of a non linear

Schrodinger like equations called H F equations

In the A F equation we have the quasiparticle wave
function with the typical K E and an

miffed IffyKartreet potential energy classical

focklaxchange potential energy The exchange term in the

most interesting term arising dueto quantum statistics of
the wave function

Next we solved this H F equation with a uniform positive

potential background Jellium model using two different
wavefunction ansatz First we considered an plane wave

solution for electron gas liquid which works in the cares
where K E dominate This works for metals The Second



example we considered was for fully localized S function

wave function which works when the potential energy
Coulomb interaction dominates Here we obtained Wigner
Crystal These two limits are archived for dense real

and dilute rs 1 election density limits

The solutions in between when rsn 1 i when K E R
coulomb interactions are comparable is not known analytically
Here we propose that lot of interesting effects inch as

symmetry breaking phases will arise Solving them for
long range interaction is extremely difficult as one obtains

all sorts of divergences singularities In reality also the
Coulomb interaction in many electron system do not remain

long range they become short ranged dueto screening
We will study the screening effect first and obtain
expressions for screened Coulomb interaction and also
simplify it to onsite Coulomb interaction Hubbard
model before attempting to solve the intermediate

coupling region


