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The Fermi liquid theory developedby L Landau in 1957 describes
the low temperature behaviorof a metal under interaction The

key message of the Fermi liquid theory is that if the interaction
in only density density interaction then the low energy bands of the
interacting elections Ek have one to one correspondence to the

non interacting dispersions E near the Fermi levels Then the

interaction termonly modifies the band relocity Unand bandmass
mk however each k states of the non interactingelectrons corresponds
to the same b state of the interacting electrons calledquasiparticles
Since k in the quantum numberhere so the energylevels bands

before and after the interactions correspond uniquely to each other
This is the fundamental assumption ofthe adiabatic theory that
we have learned in quantum mechanics II course

According to the adiabatic theory we start with say two
energy levels before the perturbation is turned on Then the interaction

which isthe perturbation here is turned on slowly enough that
at each time we have solved a time independent Schrodinger

equation instantaneously and that the energy eigenvalues are continuously

in adiabatically connected tothose ofthe non interacting case

Therefore the quantum number Hilbertspace dimension remain
the same and each eigenstate maintain its quantumnumber This
means each eigenvalues are shifted up ordownby interaction but
the energy gap between them hasnotclosed Onthecontrary
if the energygap between any two energy levels close by
theperturbation the groundstate has changed and one has a

phase transition at the gapclosingpoint Gapclosing and



phase transition means singular behavior which violates adiabatic

continuity theorem Therefore adiabatic continuity in nothing but
an analytical continuity in the eigenfunction space Pictorically
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afterthme
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HotHintIt is adiabatically analytically Fdbticlly
connectedto Hoconnected to Ho

Now we want to extend this adiabatic theory to thefermionic
band structure under a density density interaction

At the outset let us point out where it won't work
d LowerrgyImparatrphyrics
The adiabatic continuity theory is only claimed for the
low energy bands er bands near the Fermi level
we won't be claiming an adiabictic continuity to
states far away from the Fermi level see below for the

reasoning

iffii.it iEa notso
all metals Because we do not want any phase transition

in the system which will prohibit the adiabatic continuity
to the non riferacting tight binding band structure
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Iii Only density demity.int n

TheFerm Fquid theory is onlyproven tohold for density
density interaction Hint Un Munk not known whether it

worksfor any other interaction This is because the theory is
based on the momentum dimity Nk being roughly a

conserved quality at each k close to ke withoutand milk
interaction

Renormalized Band dispersion
we now elaborate on these assumptions and thephysicalpicture before

formalizing it into computation's of thermodynamic and transportproperties

Energy
Band En noninteracting
structure banddispersion
afterinteraction

liquidi
continuity

inclaimed

near EF The non interacting

election inband on at k has

moved to theinteracting band
Er at the same k ER has

lower energy compareto EF than

Er in less velocity and

higher mass than freeelectron

velocity and mass



Based on the above observation we can roughly say the interacting
band structure is proportional to the non interaction one by a

factor F 21 near the fermi level as

Ek Z Ea g

fr we have readjusted the chemicalpotential in the interaction care
to match the fermi momentum Rf same in bothcases This
is for simplicity in discussion
We have also assumed thefactor Z to be k independent
This turns out tobe the cone formany isotropic Fermisurfaces

and onsite interaction but can be generalized to Fry
Now writing Ek OKK Ke and Eu VICKRe we see that the

band velocity of the interactingelectrons has reduced as
UF ZUFO where ZL 1 L t D

Similarly the effective massofthe interacting electrons has increasedby
2 m RFOf É RFUFO E MT

Z is called the quasiparticle residue or the renormalizationfactor

The justificationof this name comes from the Green'sfunctiondescription
of the quasi article dynamics which will not be coveredhere

Therefore the interacting bands near the fermibond becomes

flatter dueto interaction by a change of slopeby Z The fermi

liquid theory does not predict the quasiparticle dispersionpicture
farawayfrom the fermi bred In fact theqariparticlepicturebreaks
down at high energies



Renormalized momentum dencils momentum distribution function

The abovediscussion wasaboutthe quartparticle energy we will notbe

discussing about the quasiparticle states which is simply governed

by the time evolution operatorwith the quasiparticle energy This
description ofwavefunction is notquiteadequate as we will learn that the

quasiparticles have finite lifetime and modelling fruit lifetime is
difficult through Hamiltonian description we need Greenb functionmelted

to include finite lifetime as we saw a demo forthe response function

The easier thing to look at the momentum deneity Mk I Got9.0
Became in the noninteracting Hamiltonian Ho Efunno no one

conserved quantities and one has N numberof conserved quantities

for a N dimensional Hilbertspace Cns kloointsX 2spin So its an
integrablesystem Then at T o one has an of ECke k satisfying

the fermi statistics
Landau's argument was that the denity density interaction produces

virtual excitations which are particleholefairs So the momentumdensity
n no adiabatically evolve to a value L naoffexactlyat thesame
momentum k and spin o and has a discontinuity at ka ke but

the discontinuity value is reduced by Z as

MkMint Z 0 kicky

This gives Zless numberof electrons inside the fermimomentum RF so

now one has Snp o L np o int Lnp o
I Z at T O

we change the index k to f to emphasize that bi definedw.r.toRe



amont of electrons pulledout from the non interacting fermi sea and

filled them above the Fermi level see the figure below This is

roughly the ground stale of the interacting Hamiltonian which i
made of the low energy particle hole excitations of the non interacting
Hamiltonian And we only have one parameter to describe them

and that is Snp o C or Z at 5 0

Some caveats to remember Denoting it as the groundstate of

the interacting Hamiltonian Hot Hint is not quite accuratebecause these

states with 8hr o particle hole excitations are not an eigenstate of

Hot Aint Rather one should think of it as some approximate
variational ground state which is adiabatically analytically
connected to the non interacting Fermi sea ground state 1Fst Here
8np o in the variational parameter which should be obtainedself
consistently

Let us denote this excitation denity by creationand annihilation

operators CfoGo on

gnp Ctp go
But now you have to be careful in interpretingthese creation



annihilation operators These are the excitations that one created

from the non interacting fermi sear This means Hubert

sina.am eiait ae
i

Zuk and enhancedmass É'm compared to non interacting
electrons's

velocity Up and mass m't
so the member of excitations one createsfrom the Fermi sea

is not really a conserved quantity theyhoweverhome finiti lifetime
which decreases as we move awayfrom the fermilevel thatwe will
see later Therefore this interacting ground state is like a grand
canonical ensemble in which the numberof quasiparticles is not
conserved So we can freelyadd or remove the quarifarticles to the

interacting system such that we obtain a lowestenergymanybody
state we add a quasiparticleto the ground ks

state at pyo 1 since P E R K with
pquasiparticle energy Ep 0 and the

corresponding state is Cpt1 FS Similarly
we remove a quasiparticle orcreate a quasihole

in the Fermi sea at PLO withquasihole energy Ep O and the

corresponding state in GIFs Since the change of numberdensity
dueto removalof election is Snp o40 so the effective excitation

energy is sp 8hpo EpSnpo Ep 0 Therefore adding
both quasiparticles and quasiholes above and below the fermibird costs

the same energy 1Epl It costs no energy to add a quasiparticle or

quasihole at the fermimomentum Ep 0

Theground state ofthe Fermi liquid canhencebe thought as
Mfc PipTp p G G I Fs



because we create destroy a quasiparticle quasihole above belowthe
Fermi bird

hÉfdtdabout effect ofthe interaction in any
meaningfulway These quasiparticle density operators Snp or

continue to
commute with the kinetic energy term and hence under the time
evolution of the K E theydonot decay But the Snp donot
commute with the interaction term not even with thedensity density
interaction So if we evaluate the scatteringmatrixelement

of the interaction term 4bits Hint Pitch we will have off
diagonal terms This scattering process gives a finite lifetime ofthe

quasiparticles to be in the same state p before it scatters offtosome
otherstate 18S dueto interaction Much like the Drude's
semiclassical picture of scattering relaxation time foreachquasiparticles
and quasiholes which isthe average lifetimeof a quasi article in a

given state 17 before it scattersoffto anotherstate β

Landau gave a qualitative argument on why thequasiparticle

fit.it I i ie
with respectto the Fermienergy sothat Ep o at P O at the Fermi

level and that at the Fermilevel This argument can be

given qualitatively based on the Phase Space argument for the

scattering process across a Fermisurface The derivation will be

presented later now we discuss the argument

The quasiarticle dispersion and the Fermisurface are

qualitatively shown below



É Bp'so

tY n

Spo
Snpso

suppose we add a quarifarticle at A at a momenta 1070 abovethe

Fermi heel Under the interaction this quasiparticle can onlyscatter

to another momentum to Yo which is also above the fermi bud I

say at B Theenergy released during this scattering in EB EA
and momentum released is p p This energy will now be
absorbed by another quasiarticle which was sitting below the
fermi bird say at e at p Lo momentum This quasiparticle

will now be moved to above the fermilandonly say to D at P s0
Such that the energy and momentum are conserved as EB ED
E p Ee and pl b pi bi Using a Born approximation

one can estimate the lifetome as

I a K ti't l Hint ftp.y e a

we immediately see that there is no scatteringat zeroenergy
because thatamounts to qualifyarticles on An fermi hype scatter

to anothermomenta on the fermi surface which is notpossible
since all States on the fermi surface is already occupied This

blocking of the scattering on the fermisurface is entirelydueto



the Pauliexclusion principle called Pauli blocking and i
valid irrespective of any

interaction Aint one chooses Therefore the

quariparticles on the Fermienface has infinite lifetime
irrespective of the interaction

Now for an scattering at energy 270 the scattering inrestricted

within the momentum shell of Ap E OF above theFermilevel

and some below the Fermi level Onecannot i

f
e

scalter anyquasiparticle outside the's shell

because thequasiparticle inside theFermisurface
need to comeout ofthe Fermisurface This

available
restriction on the phase space for the scatteringat a given energy
puts the restriction on the inversere lifetime ofthequasiparticles

residing within this momentum shell

For another quasiparticle at a highermomentum theavailable

phase space for scattering is also higher Now since thescattering

dueto interaction is a two body interaction so the scattering crosssection

is a joint probability of two scattering processes of equalphase
space each phase space isproportional to E UFAP Therefore the

scatteringcrosssection or inverse liftime is proportional to
E



Another physicalpicture ofquasiparticle description isthat as an electron

moves in ametal it repels some ofthe
electrons around it and thereby it
creates polarization cloud add the

vacuum polarization Theentirecharge
cloud arond the electron is the effective

particle here which is called thequasiarticle quasiarticle

so the word quasionly signifies that its an election with a charge
cloudaround it howeverits charge spin ware rector remains

the same to the original election and its velocity mass are

decreased increased duetothe chargecloud
Butthe vacuum here in the Fermi sea and thequasiparticles are

created by scattering an electron near theFermi surface A smallmomentum

transfer around the fermiwaverectorin like a very slowor longdistance
change of wavelength withrespectto the Fermi wavelength wavelength

Scatteringof luck lovese volume quarbarticle is hence discouragedand
hence therequasiparticles survive longer

Therefore thebottomline is that thequasiarticles are very
resilient to the interaction and are long lived near the

Fermi level purely dueto their quantum statistics and
irrespective of any interaction This is the reason the
quasi article picture which is based on adiabatic analytic
continuity to non interaction free electron behavior as

postulated with in the Fermi Liquid theoryworks in
correlated metal with a phase transition



23 ComputabinsofResponsefunctionsinthefermiliquidtheory

With the specific analytical continuation of an interacting problem
to an non interacting one as defined in egads we can infnet
compute estimate the renormalization of various response
functions that we measure experimentally interms of the
single renormalization parameter Z This doesnot require to

assume any Hamiltonian or any specific term we first
discuss this before deriving the low energy Hamiltonian
Landau predicted

There are a few typical response functionsthat we often
measure and compa which are electron's spectral weight

specific heat charge spinsusceptibilities electrical conductivityetc



The Fermi velocity changes by VF ZUF Therefore the

velocity of thequasiparticle decreases since 241
The effective mass changes by mA Z m

We measure effective mass via ShubnikovdeHaas ranAlpham Sd VA

oscillation from the slopeof the oscillation frequency versus FS area
E mA m 2 8 in He and it canbe 100 1000 in heavy fermionmetals

We can linearize thequasipartile band near PF as

Ep GWF P PF ZEp 8a

III P PF 8

OF can bemeasureddirectly from the angle momentum resolved

photoemission spectroscopy ARPES which measuresqualiforticaldispersion
we said theshift ofthe term waverefor PF istrivial

mi energyisof
t m toEE So Fermienergychoruses

by Landanparameter So does the Fermi temperature TF FAB 7TF

The quasi article dunityof states dCE isdefined as

des 8 E Epo LEE 86 Ep
forspin

did 2 4ftp.fff ff 810 fits off p

It does I do o 9

where do O a the Dos of noninteracting electrons Theconclusion
is as the bandsbecome renormalited byZ it its slopedecreasesby

sniffing name unsman
specific heat measurement through the Sommerfeld coefficient 8



Cx specific heat is a response function to temperature
change and measures the energyfluctuation The

linear response theory of specific heat in
S E Cy 8T

During the thermal fluctuation the quasiparticles are

excited across the fermi level whichis capturedby
An fermi Dirac distributionfunction Forthe

quasiparticles cone thechange in momentum density momentum

distribution function look like

I Pin
s

i.IT

I am excitedt

AssumingZ doesnot change with temperature

Interestingly the Er dependence ofthe specificheat doesnot
changeby the Landon parameter only its forefactor ri Itr sommerfeld
coefficient heh defends on thedensity of states becomes renormalized

This can be comfortedeasily with a handwavingargument or more

rigorously Letme give the handwaving argumenthere where the

rigorous calculation is given in the homework



Specificheat measures the energy fluctuation dueto temperature
At a given temperature T the number of states that are
excited across the fermi energy in Snp Now on a spherical or

equivalent Fermisurface we onlyexcitethe particles radially outward
because the angular directions are degenerate equi energysurface

Therefore irrespectiveof any dimension of theFermi surface only
the raddmentio.rs is active for thermal excitation Therefore
according to equipartition argument thenumber ofmodes thermally
excited in Snp a α RBT Eachmode carryquasiparticle

energy in RBT Therefor the total internal energy fluctuation is

E 8hpmEp 15110 RBT 137do kit 110J

This temperature exponent is independentofthe dimension of the
material This is an interesting manifestation ofthe Fermistatistics

which does not hold for bosons
Also we notice that the information about the Hamiltonian isonlyinthe

deneityof states

Then the specific heat is given by

a Off II do o kit 8T i

Tommerfeldcoefficient

Therefore the Sommerfeld coefficient in renormazed enhanced b

compared to the free election system by 7
1

18 71802 2



Xc Change susceptibility or compressibility This is a

response function to electrostatic potential which

causes density fluctuation we are here lookingat
Xc q 0 w D ie the global spatially uniform
electrostaticpotential which is the change in chemical

potential 814 and measuring the change in number

of electrons She which are related to each other

by the linear response theory as

she Xo text she a sin HiFI
snotsnatsnd

Pictorially the quasiparticledensity change duetochange

in M is depictedas

I

J
d Np

foolsne



The qualifarticle picture is also the free electron fifune
here in which the chemical potential has changedby 814
due to external electrostatic potential so we have

H Epo Gto Go Epo 8m Go
P Pir

The change in number of quasi articles is

dµ 8ncp cap

L EE EN
8 Epo at t 0

8 Spr

d o

therefore xcz dioe Ed90
FX.fi

the charge susceptibity is enhanced by the interaction

The compressibily K is defined as 12 4 1 Now

D I and hence k n n
n

so the electronic contribution tothe compresibility in related

to the charge fluctuation i isotropic FS deformation



i Magneticsnsuptibitily
Xs spin susceptibility is very similar to the

charge susceptibility and as a measure of
spindensity fluctuation 8ns due to external

magnetic field B spindimityis relatedmagnetizationby theBohrmagneton1413
so wing linear response theory we have

Sm MB 8ns X B

Forthis care the quasiparticles will movefrom t spin
States to t spinstate hence the non interactingFs

will spit intotwo spinFs will shrink while

4 spin Fs expands I
t t Fs

The twospindensity 8ns interact
via the Fpf component and oneexpect the leading
term to be Fetto Landan parameter

The pictorial view of the change in thedistribution
function is

I

Pt



In a paramagnet whichis a spin
degenerate system themagnetic susuptibity X 9 0 w o is same

as the charge susceptibility we obtained thecharge susceptibility

in the previous chapter due todensity densitycorrelation within

the Linear response theory we foundthe result foruniform
and woo case to be

my ji in t Éiht compressibility
14,2 do Density ofstatus atM

B

Here again we canderive it in a hand waving manner whilemore

rigorous calculation is saved for thehomework A magneticfield B
splits the Fermisurface for 0 19 It spins as thenumber of quasiparticles
in T H States are now different I quasiparticle energies for

up down spins are Ep o Ep 8 UBB when O Il for
it states

we can absorb the magnetic energy into spinresolved
chemical potential Mo M t o upB This shrink expands

the fermisurfaces for er 1 t byequalamount and the

corresponding change in quasiparticle numberis

8 No density of status perenergyunitx energydifference

d o o MBB

The magnetization M LMB Na Na

do MB B



thenwring the linear response theory we obtainthespin

susceptibity X as

X MIB
ME do as in eq 5

Here also we can drive the result for quasiparticle dispersion
and it can be obtained that XCo o has the same form as

Xs MB d o

14,2Ztdoco
Z go where to non interacting susceptibility

Therefore the magnetic susceptibility is also enhancedby the samefactorÉ

Wilsonratt Wilson ratio alsocalled the Stonerenhancement
factor is defined as

W E 13 9 1 3441 as

remains unchanged as bolt X and 8 are enhanced by the same
renormalization factor Z

But it turns out that a careful calculation of self energy
and renormalization factor 2 gives shishly different
values of Z for 84 X due to different sortof
response and differentmechanismof fluctuation we are

comforting here we will see th in termsof the
Landau parameters



O Electrical conductivity is a currentdimity current

density response function due to applied electric field É
According to Ohm's law we have

J O E

Microscopically electric field boosts the election's velocity

along the direction of the field and hence the election's
momentum change P B E F This shifts the
Fermisurface along the field direction

I neend T I I'm

Thi perturbation doesnot cause any change induty
butonly booststhemalongthe field direction Since she
interact withother Snc by fFps their reloity a

slower The renormalization in relority due to FGp
will have leading order correctionfrom fell er
from lol angular momentum term notfrom 1 0

term



I co in
ournotation

Z F

Noticeitsnot
F s butfocal

EE itego



5 3 Theeffectivetamittom.ae offrasifarticles

The picture we gather above is that we start with non interacting
electrons occupying a Fermi surface Then theactionof turning on

the interaction s only is that it excites a fewelectrons Snp e across
Fermi level There excited electrons go through the interaction and their

dynamics is governed by an effective low energy Hamiltonian A

which is a functional of Mp o H npo Moreover we assumethat

the energy E Npo is an analytic functional of Mpo such that we can

perform an Taylor expansion around their non interacting valueof
7 o as

Ein E adf.fia f fgfE
s

Tf f 5

Thefirstterm in the kinetic energy term forthequasiparticlesdunty
8 apr withoutthe interaction definedby Efr SETng

fp fp is called the Landan parameter This istheonlyparameter

in the theory This describes interaction betweenquasiparticles near the
Fermi surface and evaluated at 8ns0 0 when all quariparticles are

frozen or inside the Fermi sea
The dispersion of the interactingquaripartich the one that we

measure in

Iµ Ei t po



The second term is exactlythe self energycorrection to non interating
electrons

Ip o FigfÉp 8hplot 7

due to the interaction which is defined in the Green's

function technique In the Green's function technique one

only includes the time dependence and obtain a frequency

dependent term and the imaginarypoet ofthe selfenergy
gives the lifetime of thequasi article energydissipation in
Its spectral weight representation Here theimaginarypart i
not captured The selfenergy method in general and obtained

for other interactions not my the Landanparameter
Then the renormalization factor I in obtainedfrom the

frequency derivative of the real part of the self energy
Here within the time independent care frequency w Ep o
and hence the renormalization factor is obtained as

17 1fFI.ee as

This is again the general definition for the renormalization

factor we will learn below to compute it for
the Landon interaction case

Since 2 1 and its definedbytheslope of Ʃ near Pr so we

can roughlypredict
Ʃ

Fusing the Kramer's Kronig
FFstatIFFEffal.es relation we can say I l inverse

lifetime 0 as E T 0



This is the low energydispersion of thequasiparticles which differ
from its non interacting tightbinding parabolic dispersion Epio

by the last term The last term incorporates summation over all
possible interaction with thematrix element to Beforemaking
furthermanipulation and approximation on 81 5 let us fint look
at a few definitions such as UF me deep Z interms of fpop

We extract a definition of Z from the band dispersion in

eggs by doing a Taylor expansion of the and term near Epi as

Ep spot fo top g qq.IE g Epi

F Ep t Ocept

From here we obtain the first order term in Z as

z net I d e
po

PIPE

of course here we can add a b dependence in 2 but we will

ignore it as one would findthat p dependenceofZ a small near Pe



If LandanParametirlforntatinallyinrariantsystems

The Landau Parameter fp is an unknownfunction Howdowe really
parameterize afunction It turnsout dueto spin rotational and

spatial rotational symmetries f onlydepends onthe relativespinorientation
and relative momentum orientation between thetwoquasiarticles Imposingthese

symmetries will simplify the fromof f

Shimmery Let us first focus onthe spinpart onthe
Landauinteraction thetotal spin s sits in

conserved Hence we have f ft't f's define and
fit ft't s f't p dependenceis impliedon bothsides J's t

are called spin symmetric and antisymmetric orcharge andspin

part off

Letus define the charge and spindensities as

She Sha t 8h4 2 where p dependence on 199

a8 ns Snp 8na 2 bothsidesare implied
i Sho Snc to 8ns G Il for a t 1 I
4 E s no snotty Sncsnot o

snssnstcg.gg861

4 She8h e t 2 8ns8ns

substituting it in the Landau interaction term weget

IEyffishposnpiostepiffpisngpshapitffishspfasffio
wehave absorbedfactor4 I in f sat



Spamming

Since we are interested in quasiparticles near thefermi surface so weneedto

define f near the Peonly so we approximate F E P Pand F P pi
when P and P are the unit rectors on the Fermisurface
Next we assume a spherical fermisurface Thisapproximation doesnot
hold well for large Fermi surface where the discrete crystalrotational

symmetry becomes important and we have to expand the Landanpara
meter in terms of thepoint space group symmetry representation of the theory
Here we assume a continuous rotational symmetry whichisvalid for
electrongas and also works fine for Smaller fermisnipers

on such a rotationally invariant system the interaction term fp
onlydepends onthe relativeangle between the twomomenta say o

P P Ppl cost

And we have fi f
A cost Gia

A feridic function whichonlydepends on cosb E ti 1
be expanded on the basisof Legendre polynomials Pe wet as

f SA n If elsa Pe x news a 12a

where the coefficients Fe are called the Landau parameter asgivenby

feesAl 211Idn f A
Cat Peey 2b

where the totalangularmomentum change during the interaction



The self energy term in eye is now defined as

Ep go tip Sapio

II piddles f dos'dSnp o for cosa Gaa
solidangle in d dim

Id It'd.de drd8npoEfIfdrdPeCwsD 13.5

aunties T.IE ang
iii at

Although it looks like we can simply do the twointegrals
and obtain a selfenergy but note that o is a relative
angle between P P and 8hplot is actually thequasi
particle dimity after including the self energy

correction

ie the interaction effect In fact this equation is a

self consistent equation which can be comfortednumerically

In thisway of writing the
above selfenergyhelps us distinguish

between the excitations along the radial direction ie across the

equalenergy contours and across the angular direction ie onthe

equal energy contour clearly for those response functions which



arly
involves externalenergycosts suchas specific heal charge spin
compresibility the quasiparticles are excited y radially and
hence the angularpactdoes not contribute On the otherhand

for various transport which involves momentum scattering
the angular part contributes

For the case when Snp o is independent of the angle ei the

quasiparticle excitations are only radial to the fermi surface
we take 8hplot outside the angular integral Then we

can perform theangular integral exactly we weget

fof dad fi Peewee foe from enczaj
ie the isotropic part ofthe interaction contributesonly here
Then we have

ftp.o g d t dJ d yaa

A t o all statusupto the fermiland is filled ei 8hplot
For PEPE and hencewe get

Ipo n I to n quasiparticledimity

or 12,3
7 252 This is a constantenergywhich

is absorbed in thechemicalpotential



Now we can define the renormalization factor Z in terms of Fe's'd

easily From eq we have

7 1 Egil
p

tEff g pt gIofqsnp.o
sa

clearly the first term comes from the change in
dimity and the and term in dueto change in Itspotential
Formostcares the first term dominate especiallyif the scattering
in momentum conserved

EI Non the energyfluctuation corresponds to goingfrom one constantenergy

mater in the fermisurfaceexpandsonlymdially.s.int
have

I I t Ead f p'd dt ly p
I 8h

I E f

i duet EXI.IE o.fItf
I I a Foo

o

where we define the Landan Parameter FÉ dlof'f
In termsof spin we write

1249 1 181 155
8 9,1s

when Fola's 1 one obtains an

instability called the Stoner instabity Then
one obtains a phase transition

F or F roughly compares between the non interacting K E and
interaction P E term For02221 K Edominates 2 0 says P Etakeson



Cast The above resultsof self energy and renormalization factor
arise where there is only density variance due to energy
change for specific heat comforesibilityetc Here the first term

in eq Csa only contributed
Now we want to consider the case where thesystem is

boosted such that there is an overall momentum current in the

system In this case the Fs is not expanded contracted but

only shifted to the right Therefore the first term in eq sa

is zero only the 2nd term contributes

Spx

The second term comesfrom the momentum being absorbed gain

by the change in the interactionpotential flop This term is
like a force in themomentum space which isdefinedby12s gradient

ofthepotential f in themomentum space Therefore we wantto see

here the change in momentum coming from the interaction term
Since near the fermi lend we have Ep 2 KOFP so express the

quasiparticle energy team

Ep o go Ipo
AVE PI AVEP t 8510 p P

t OCP

or P YIP tIg pP sd

Note that we have ignored Epap term because it absorbed to
shift thechemical potential such that PE P



Interestingly the 2nd term can alsobe interpreted as an emergent

vector potental in analogy with the gauge transformations P E EE
The rectorpotential can then be converted into electric magneticfield
which balances ke decade reatedbytheshift
of the Fermi surface This can also be understoodfrom the
Galilian in variance ofthe system which Landauhimself used

forhan.sn that case we go tothe moving reference of

fameof the P state particle and look at the P state particle

of our interest Then we see thatthe P States momentum has
changed in thisframe to be Pt Po t P when P in thecenterof
mass momentum

Now in this compilation of 87 we set 087 o butonly
consider flop term in eq 15b Note that in some books it is

considered how many quasiparticles are shifted é
0180 dP and

ignore dflop Bolt procedure one ofcourse equivalent so wehone

87
p judge

o É.fi dad I
IF

p I f f fol Lise

1
0

71 1 11 o sure
I for eel
Piccolo

Then dePe 50 0 for e I dueto orthogonality of the

Legenerde polynomials I



Now rinormalized density of state in den fish
n BFI in 3D So N Ipf did myPe VF did

Then we have p
VE dot d Ve f CsA

Tis'Mflying
Next going back to eq

d we get at Pe Pe

K II II F is

Therefore VIE I F s A

or LVFIVEIIT.tt se

Since momentum PE VEmo VE MA So

um

É

e

enhanced or the Fermi velocity is reducedby
the dipolar backreaction of the interaction

At F isAl I i.e at deaf s'D 1 the velocity veto

or mass ma a This also corresponds to a phase transitionpoint
called the Molt insulating transition Needless to say the fermi
liquid theory breaks down here This is actually the same

instability that obtained in termsof fo's't called the Pomeran

chink instability which results in a permanentdistortion ofthe
Fermisurface Called Parancalistortion
For 1 2 case similar instabilityarises which iscalled nematrothan



51 Calculation of Response functions with Landau
parameters

We will onlythe focussing on change in density
energy etc dueto charge in Fermi surface via perturbations Since
number of election is conserved andhetermi surface volume is
conserved so the fermi surface can only bedeformed exceptfor
applied electrostaticpotential which ranges 8in and hence Sn The

deformationof the fermisurface is decomposed in angular momentum

component as frictorically demonstrated below

l o 1 1 1 2Is beforeperturbation
s wave Ex wave day wave
deformation deformation deformation

There are two terms in the Hamiltonian whichparticipate in the

deformation the kinetic energy term Ep which is a single

particle termand is trivial and the interaction term whichdefends

on the densityof otherparticles and the Landonparameter we have
decomposed the fandomparameter in the angular momentumbasis in

eqco so that it will be easier to discern each angularmomentum

contribution Lower angular momentuntum means large angle
I like large wavelength fluctuation and in lower in energy became

locally it slow firefnation This way we will onlykeep Its
lowest angular momentum er the heading term in Fels for
a given response function



Specificheat

There are 4,5 typical response function that we often
measure and compute

Cy specific heat is a response function to temperature
change and measures the energyfluctuation The

linear response theory of specific heat in
SE Cy 8T

During the thermal fluctuation the quasiparticles are
excited across the fermi level whichis capturedby
An fermi Dirac distributionfunction Forthe

quasiparticles cone thechange in momentum density

i
are excited

Cami coat i2

energy
ItW show that the quasiparticle distribution function in
terms of quasiparticle energy Ep o remains the same as

top eek D

ftp.g.g



Since the energydistribution function not fi sp o remain
the same so the entropy also remain the same Theentropy

term takes the same form as to arise from the classical

probability of occupying a stateRio being near Stepo

and that of having it empty in C npr so we set

S k I bi en pi
iemicrostates

RBIfmper lump r A hp o hell need

then we can compute specific heat G I slot of
and we obtain

Cy 8T where 8 13 kiddo
Sommerfeld coefficient

MALI to

5

AW Derive eq 15



Xc Change susceptibility or compressibility This is a

response function to electrostatic potential which

causes density fluctuation we are here lookingat
Xc q 0 w D ie the global spatially uniform
electrostaticpotential which is the change in chemical

potential 8M and measuring the change in number

of electrons She which are related to each other

by the linear response theory as

she Xo text she Ism He

The effect ofthe Landau interaction is to change the

established that the energy distribution functionretains

susptibijustmodified to be

not c

We notice an important fact here that theeffect ofthe
Landau interaction is not to give a RPA like correction

to the non interacting bare susceptibilityand toproduce
a Plasmon mode collective mode but rather to replace
the elections by a collective change puddle which
behave like free particles quasiparticles



Therefore in the responsefunction we will only have
the same particle hole continuum but only its slope
will be modified

only the slope of the particlehole continuum will be
renormalized to VF ZVI
This Zen energy particlehole continuum of Landon's

interacting quariparticle is called the Zero found mode

Ofcourse to keep this in mind that the Fermi liquid
approximation is only valid near the fermi bud while at
higher energy it breaks down Then one can obtain a

RPA like expression for the quasiparticles and plasmon
modes appearand also seen experimentally



For the compressibility calculation which is the result at
woo quo recall that the ordering in limit is important
We first take the Wto a long time time beforewe
make the electrostatic potential to be uniform quo
limit such that we can capture the density thetuations

Mar the Fermi bud
Because theexpression of X remain thesame hencethe

result is also the same ie

xenon o EIIII
I EptCsp m y fee

N

I do IfCsp m Iq
diol densityof quasiparticles
Edo o

what happens when Z 0 in it Eas o or

Fo As 1 This is actually a singular pointwhere
the analytic continuity between Epof Epi breaks down
and the fermi liquid theory breaks down In fact this
is also the Phase transition point to a Pomeranchuk

phase for charge cone ft or to a ferromagneticphase
for F This singularity is called the Pomeranchuk

instability and the Stoner instability respectively



EI Quasifarticlelifetime

On of the triumph of the Fermi liquid theory is the long bifitime
of the quasiparticle in the lowenergy spectrum ee near the

Fermi level This is because of the Pauli exclusion principleswhich
put several restrictions on the available sales near theFermibud

irrespective of the interaction and its strength our claim was that

the life time Y n le Es quasiparticle energy we can now

justify this claim
The self energy I is actually complex which can be

seen if we include time dependent refusefunction ni en the
so called Green's function approach The real part ofthe
elf energy is calculated here in the fermi liquid case and it
gives the correction to the electronic dispersion dueto interaction The

imaginary part gives an imaginary intubation tothe energy
which means it gives the inverse lifetime to the quarifarticle in
a given state

Because the self energy is analytic the real and imaginary
parts are related to each other by the Kramerto Kronigrelation
The Kk R however involves integration over the entireenergyrange
and the prevent Fermi liquid method is valid only near the
low energy region Therefore we cannotdirectly we this theorem

to obtain the imaginary part here But wring thesymmetry
argument we can predict its behavior more the fermi bird

I n is linear in Eu near the Fermi line and its dope



is givenby Z as In Zt Eu Bhufore it and odd
function in en In An KKR theory we saw that an odd
real part gives an even imaginary part The lowest order
even term in Suh and hence we must hone

In an E

Ttt W Using fermi Golden rule show that the Pauli
blocking principle in deedgives a ref ne form in

the Fermi liquid theory I


