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we have seen in the Linear ResponseTheory chapter that the Thomas
Fermi screening length ftp 0 2 0.6 rs This is to say the
coulomb interaction indeed becomes veryshort in thescaleof
interatomic distance in a metal due to charge screening With
this observation J Hubbard proposed a low energy effective
model in which the Coulomb interaction is only onsite often
denoted by U where

V fard 1901 191412 a

Since the interaction is strongest when two electrons are trying to
be at the same site and at the same site two electrons with

opposite spins can only occupy due to the exclusion principle
Therefore the lowest order effective model as proposed by Hubbard is

It tfg.fi
c io M Mio VE ni in ix the 0

where nio CioCio and Lii correspondsto nearestneighbor

hopping

clearly the model can be easilygeneralized to next nearest
neighbor hoppingand so on and to next nearestneighbor
Coulomb interation as well as to multiorbital physics The

corresponding phase diagram becomes more complicated Here

we only focus on the single band case as in eq



Pictorically

ii if
The first term gives the quantum tunneling between nearest
sites obtained by the kinetic energy and ionic potentialenergy
as we have seen in the fightbinding model For 170 the

energy is gainedfor an election to tunnel to the nearestsite

and hence metalicity is favored Note that in this quantum

tunneling often called electron hopping the spin is conserval
so this is not directly blocked by the Hubbard V

The chemical potential term says forMY0 energyis
gained for an election to stay at its site Therefore its
a competition between Mt t which governs a metal to

bettor behavior this can be early seen by
going to the momentum space where the first term becomes

diagonal For U 0 we have
A EkChiCho a

where Ep 2ᵗ Coskx Cosky Cos a µ 35

in a 3D Share lattice the result depends on lattice structure

The band bottom occurs at ketoof a Er

with energy 6 t and top at R a

with energy 4 t Therefore the

metallic behavior oceans for
µ

at Meet No no

a



Now we turn on V70 V is onlyeffective at a site if the
site is already occupied otherwise Rio 0 And since V70
so it increases the energy by to have two particles atthe

same site and hence its disfavored But adding 2 particles

at a given site decreases energy by 2M giving a totalenergy
of 214 0 On ther otherhand if the two particles are in
in any two different sites we gain energy by 2µL 2MtU

So they will not liketo be at the same site
There are two scenarios when the situation becomes

complicated For 40 and at greaterthan half filling fraction
Suppose two electrons are sitting in two adjacent sites

If they sit on twodifferent sites we gain energy by 21h
But if one electron tunnels to the adjacent site we have an

energy 2ps t V Now the situation depends on whether

V t or Uat for U t we electron will not hop and we

have an insulator called the Mott insulator At Uat the
election will hop to lower the energy so we have a metal

V t marks here the metal insulator phasetransitionpoint
But the phase diagram alsodepends on another

factor the numberof electrons calledthefilling fraction
Lets start withN2 site problem which has2 4 states we

give Meltions with 2 spinstate with 0 2 thenthefilling
fraction n MIN whichranges from 0 In 2 including thespin
sometimes you have to be careful if the reportedvalueof
n includes the spin and orbital subattics states also ornot

For 2 0 the occupationnumber ni at a site is not a conservedquantity
and hence theexactvalue of hi at asite cannotbedefined Seebelow



For M 0 n 0 E O

For M 1 n 1 2 E M with 4 fold degeneracy

7

This is clearly a Band metal
For Ma 2 n 1

141 I E 214 Ferromagnet
1427 it E 2M spindensityware Antiferro

magnet143 If 7 E 2M U charge dunity wave

Thefirst case is a Ferromagnet In the second one

thespins are staggered and hence its a spindeneity
wave SDW or antiferromagnetic case Both Find AFM have

the same energy In the large N system this degeneracy

in lust and one often sets an AFM at halffilling
n 1 The last one has 2 electrons at one

site and one empty site Since the of electrons are

different in adjacentsites so the charge dunity is
different at different site This is called the

charge density wave CDW state Both CDW

SDW breaks the lattice translational symmetry
and the unit cell is now doubled now containing

two sublallius
As we turn on to term this Hamiltonian does

not commute with the localdensityoperator nio and none

of theabovestates are the eigenstates of A This is became
t term allows to hop an electron from one site to



another In the FM case the Pauli exclusionprinciple
blocks the elections to hopbetween the same spin sites
In the sow state the electron can hoptothe othersite andgain
an energy t but haveto overcome the onsiterepulsion ofU

In fact in this 2 site model SDW CDW States are notthe

eigenstates and one can obtain an eigenstate by diagonalizing
the Hamiltonian

M 3 n 3 I I

E 3M t tu o

This is a fermi liquid Cantal
M 4 n 2 It E 4M

Band insulator

Therefore the Quantum Phase diagram in terms of MRUft

Band Magnetic FI Bandmetal insulator
a metal insulator
at

I adn I l

I metal

I
n



Limit Phases can look very different in real
materials having N 1023 In this case the

Hilbert space dimension in 2 which is

exponentially large and we cannotsolve such
a Hamiltonian exactly because 2 2 dimensional

matrix cannot be diagonalized withany computer
presently 71 10 20 site lattice can be diagonalized

exactly

In ID Hubbard model is solved exalty wring the so called
Bette Ansale In this approach one mapsthe lattice to another lattice
without any periodic boundarycondition such that there arises

N or more conserved quantities ie operators which commentwith

the Hamiltonian The eigenstates of these quantities are also theeigenstate

of the Hamiltonian and thereby we get an idea about theenergies

In higher dimentions the Hubbardmodelcannot besolved exactly

We can however obtain a few qualitative features as a function

of n Iv can now take any fractional value between 0 n 2

In the thermodynamic limit of NTT n remains finite
The electiondimity n.in directly related to the chemicalpotential

and hence the discussion with respectto n is equivalenttodiscussion

with respect to µ

Similar qualitative behavior can also be deduced as a function

of V t at least in the limits of It to 48



In the limits of U t 0 UH the Hubbardmodel
in exactly solvable Because in these two limits there are extensive

number of conserved quantities which are the occupation
density in the momentum real space respectively

I
At Eamionianbecoms.att aie 1 we have

H ME io U EMixhits11 45CitCir ME
E hio

Here the local dinely operator 1 Here Enio H butcnn.AT 0

nio CitoCio does notcommuttwith This is obvious the Hamiltonian

It but the immentum density operator is completely local andonly a

mpg CtoCno commutes with H potential energy is present So

Because It isdiasonal.int position is fixed Theenergy
momentum space and we have a band I levels are completely flat in the
dispersion Er Nh 0 1 if the momentum space So its an insulates

corresponding k Kf or kt RF Therefore at all filling factor n but the

this is a metal for 6t µ Gt typeof insulating statevarieswithin
In the language of fillingfraction I

n
p
k the system ña for n 1 er when the

metal for 042 2 numberofelectron in lessthan the
number of sites All thesites

will befittingly occupied or emptyµ

614 became double occupancycosts

h I V4 α energy

i
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i

Ground stateenergyEof EEynn The GroundstateenergydensityI
Excited state are puttingelectrons in Ff Mm and thefirst
above Its fermi level creating one excitedstate is obtained by
particle hole excitations One has a 1 pulling two election in one nite
continuum of excitations called the so E M nu D tu

particle holeexcitations since Uta so it an insulator

Its generally a Wigner
n I Cwhen M D is howeverspecial crystal at lowduty but
Tere the fermi surface isthe largest Ican have welldefined

as it encloses half ofthe Brillouin lattice structure at commensurate

Zone So the Fermi surface touches filling factor ni whentht

integermultiple of thenumber

home some chargedensity wore

n t

1
For nai the Fermisnafu every alternative site on empty

was electron like centering k o o o i 220
o or o omi

is hole like untiringtheBZcorner 220.0
o o o o

So at D 1 theFermisurface
undergoes a topologicalphasetransition

called the Lifshitz transition EI In this case we have

Herr the liger of the charge exactlyoneelection fer
dimity at the Fermilevel called site clearlythesystem

I
can still avoid double



I
occupancy at any site

the carrier density changes from 1 o o o or o

positive tonegative as one can 1 This is still a Wigner
measure from the Halleffectmeasurement crystal with energydeneity

Moreover recall that in the 1 E 4 2

Lindhard susceptibility Xia o Each site is spindegenerate
idu f or app and f or 2kt since too there is no coupling

has a singularity at 9 2ke t between sites and one cannot say
I anything about one onewife'sstats

L g

influence the nearest bite and
produce long range short range

i
order

This singularity is now at I
9 2he A 2 is at half
of the Brillouin zone So the

system has the tendency to
reduce the reciprocal lattice

warevector to half ri incred
the lattice constant by 2 This 1
is called the fermisurface 1

Nestinginstability with 1

little bit of interaction this 1

instabilitygives a singularity 1

in th RPAsusceptibilityand I

the system tendsto break the 1

translational symmetry to a 1
doubled unit cell with 1



two inblathas basis giving 1

AFM phone

Disclaimer Actually the Lifshitz
transition occurs slightlyaway
from the net value atme at 1
when Gato at R 0,0 and
its equivalentpoints I

1

I
I 4h22 on this case the

1
12h22 Nowdoubleoccafancein

chemical potential lies near inevitablein somesites
the band top and the carrier I and the ground stat
dimity lie the holedemily
is small this situation is 1141 n

now eomilar to the 224
care but now for holes So Toot of 41 4 At at
one gets a hole liquid so we will have a cow insulator

É
ratherthem an electronliquid

2 2 All sites are doubly

occupied and theground

a
stat energy i math



Ii noa1IgetintheHmttonian.aowa

Here ruso bt Here we turn on t o and look
It Le I is small I at TV 771 limit perturbatively

Mk does not comment milk I ni does not commute with the

the Hubbard interaction term I hopping term ofthe Hamiltonian and
so we cannot solve this Hamiltonian a completely localized picture of
exactly Here we can treat ni o ort breaks down Naturally
the interaction term perturbatiy we will treat this problem perturbative
The first order perturbation with the Hopping term being the

term in computed withinthe perturbation We can also do a
Hartree Fock or fermi liquid mean field treatment by considering
approch both are equivalent fluctuations around some mean

Ihere valuesof hi as

net on the Hartree Fock method 1i 2nilsni.atlow density nee 1 the Not so much those transitionetc
chemical potential i close to we find him except near half
the bottomof the band and I filling Chad exceptthat the

we can almost approximate localized energy levels ofthe Uta

system as election liquid case now become dispersive and
with flare wave like solution are get band wilt very narrowband
Because He band

Y
width of 12 22V

bottom in near kno a t
withparabolicdispersion

p p F affatdsso here small kid
large wavelength state 1 of the chemical potential is

1
I



I
contribute and forsuch long
wavelength states the lattice turned inside such flat bands we
constant a C X innegligible get a narrow regionof what is
Therefore these electrons behavelike I called correlatedmetals such as
election liquid Onthe Itf 1 Cow FM or AFM metal as

approach we will have direct I appropriate
exchange higherorder corrections

but also need toconsiderscreening
we will alwaysgetmetallic 1

state here unless we increase

U Then rs increases and we

go towards the Wisnercrystal

region But in between one

has interesting phasetransition I

that can not be predicted by
the H F theory Oneneedsto 1

look at the timedefendantHFA
RPA theory or the Fermi

liquid approach or a mean

field theory to predictsome
instability 1singularity in thetheory

for example for the mean field
l

theory we will start with
1

some average momentum

diverty and consider its fluctuation

cfk.my 1
We can look at if there is

any excited statedefined by
I



I

f nu can become the ground

stat andhence one has a 1

phase transition I

Equivalently in the Fermi I

liquid theory we allow shh
electrons to move past the Fermi I

lend dueto interaction and
compute the selfenergy
renormalizationfactor 2 ri

the Landon faramelio So in

this description the electionliquid

is a fermi liquid 1

But the fermi liquid 1
description is valid fill the 1

renormalization 2 70 ei FOCAL

410 folks 1 For the Hubbard

model Jo E U and do
so one hits an instability as
du I which occurs at

higher U and for with higher
d This is called the stone

ability The same result is I

also obtained though the RPA
method as we will discuss in
this coarse Above thisvalueof

dull one has a phase transition

to FM or AFM phase defending
I



I

1
on the details of the bandstructure

and Fermi surface topology I

II this is actually a 1 Interesting features are

veryunique situation and one has also expected near half filling in
two phase transitions competingwith the Us limit We start with
each other At this half filling putting one electron at each site with
the Fermi lord lies atthemiddle one holeemptystats for oppositespin1

Eachsite inspindegenerate whichcan
and the fermiL fifth now be broken to the introduction of

t In fact we get an AFMstali

half ofthe
inn zone This can be understood qualitatively

became half

Iffy if Éfff points in site with say spin then another

we have a Lifshitz transition at this site but it costs v α

at 0 0 which now turninto energy The electron in the adjacent
a Stoner like instability site will be to spin such that

but at finite q 2nF 4 2 the total magnetization of thesystem
in the RPA susceptibility The in minimized Zero for an AFM
instability in tobedefined Therefore an AFM ordering will be

1 energetically favored them an FMordersimilarly
uxcar o so 1 t

a ISFRKFO 1



Shin instability arises in Quantitatively an AFM state isalso

the spin density wavechannel understood by an effective model

to bediscussed and gives forposed by Anderson called Jmodel

rise to an AFM phase 1 At n l and u α we have two

one sees sucha phonein degenerate states at eachsites 1951115

Cr element Cu based ironbased which is sapped from 17 3 105states

superconductors and in several by Usa energy This twostates

other examples canbe thought of as the twostates

In theAFMphase the 1 of a 5 112 spin In fact using
electronic dispersionhas agap degenerate perturbation theory andtreating

we will seethatin a Meanfield the hopting Hamiltonian as perturbation

theory and with increasing V one obtains a Heisenberg Hamiltonian

the sup increases and one can
55,5 is 4 soget a phone transition crossover

from the AFMmetal to AIM
insulator when 5 4 70 Since 520

the system lowers its energy by
having the nearestspins antiparallel to
each other This model is slightly
different from the Heisenbergspinmodel
due to the presence of the electionhoffing

1
term This is called the t J model

1 The t term is only valid if
I there are holes in the system in in the

neighborhood of 251 Became an

election cannot hop to ansingly



I

1

14942 In this case again occupied site dueto large U penalty
we start with a small but But an electron can hopto an adjacent
hole like Fermi surface and site if it completely empty
turn on interaction adiabatically so the hopping inrestricted here An

so we will obtain a fermi antiferromagnetic Metallic phase arises

hole liquid phase eventually with nai and with increasing

1 t

A similar AFM metal phonea

1
also arises in this region of U t 1

if we start fromthe bandpicture

I as described in the L H S This is to

say that inthi U tri region there is

1 no char starting groundstate and a

small perturbation parameter This

1
region is generally very challenging
to model both analytically as well
as numerically

l

l

l

l

l
l



I
1

I
n ni but 241

I

In this limit of very few holes in_
thelattice and VII 771 thereexists an

1
interesting phase called the Nagaoka

Ferromagnet This can be

1 qualitatively understood as follows
I Imagine we start with an AFM
insulator at n l and add asingle

1
hole

I
1 1

I I

1 0 1

I

I 4

I 1 t

II I

11
I 1 4

1 for

1 1 1 4 1 1
It 0 I

1
I

1 4 1 t

y
I 1



We observe that everytime theholemores

I it creates a domain of fin o None of these

states are theeigenstates and so onetakes a

linear combination of all inch spin
configuration Then it can be shown that

the final result is a AM in which the

hole can move freely This gives a flat
band ferromagnet

T T T T T

T T T T T

T T O T A

A T T T T

T t t t t



Taken together the qualitative phase diagram of the Hubbard
model is as follows

Wigner erya

NagaokaFM

Wigner

cow checkerboard

crossover
insulator

É in if
f ggffti

AFM FM metal

metal

wiea i
FL metal

FL metal

of electrons
LiÉÉÉ of holes
Transitionwithout

I

14 0 14 6



SymmetriesoftiHubbardModel

The Hubbard model has several symmetries hidden in its form
and hence breaking of those symmetries toform new quantum
phasesof matter

Translational symmetry Became the Hubbard interaction i

present at all lattice sites so translational symmetries ofthe

lattice are all preserved in this model

Hins 5 5 spin inversion symmetry
Sx s Sy Sy Sz Sz Sx rotational

symmetry

As we know the spin at a site is denoted by
Ji I CitaTap dip Ga

which gives S I Cicit te c it Cb
S a I CtaCia Citrix pg

sit I City Cit Cia Cia a

IN it nite
s s I is Cit Cit Citican 39

we set MB I KID

CifCit t City Cit C it CT

Nit Sits

Similarlywent hit si sit



Now hit hit L hip hit sits a

and stir 4 hit hit

I III thing mit niet hit hit

I hit this nip hit

hit hit I hit this 254 b

Tic total number Ichargederails

Therefore combining ID we get

hit hit I hic 3 512

This term is symmetric under the spin inversion and

spin rotations

There are also particle hole election hole symmetry
of the Hubbard model on a 2 sublattice bipartite
lattice see P Fazekas Page 171



52 RPA theory of charge and spin susceptibility in the Hubbard
model

In chapter4 we studied only the density density response function

for a long range coulomb interaction We found a new collectivemode

from the vanishing of the RPA denominator athighfrequecy which
is the Plasmonmode and also two static properties namelythe
Thomas fermi screening and Friedal oscillation inwhich the
electron density gets redistributed to screen a local change fluctuation
but does not cause an instability or singularity

Now we wantto investigate this problem for a Hubbard interaction

mainly in the static limit we will find instability in the

spin dinety channel at g o and or a similar instability atfinite
q Q value signaling a ferromagnetic or antiferromagnetic spin
density worry phase respectively This is generally called the stones

instability or Fermi surface mating instability respectively
At fimili frequencyalso we obtain similar collective excitations

in the RPA channel for goin case which is called themagnon mode



we want to compute the charge Secret Srt St and

spin Ss r I 1st 4 density response functions defined as

XcCor t I 014 L Sfa e Se c o o Ga

Xs or E I ECE Ss orD S to OJ as

where Sola t I chariot Ckold o p

where the expectation value is computed for the non interacting
case first and then for a time dependent Hartree Fock state RPA

in a thermalensemble
Because of the non interactingnature ofthestates with expectation

valve the Wicks theorem remains valid Therefore as we expand

the commutators and splits four fermion operators into theexpectation
values of fairof fermions only the same spindencils terms
suchas 9 So Survive while spinflipterms suchas ArtArt
terms disappear Therefore onlyconsider the density operatorterms
and obtain

Xcscar E
g
Ect at St S IS Costdependency

are implicit

IKEA ST SIT SI SH I Sp SII SISI
Ey Elt If r So So o o e I for tix

Ig or Roo for t Ga



Now Xo o la D 4
Oct L SolarD Soil or o

I 014 In
tarot Crotts Gioro lo Glo
L Chiaroco Cray Gta Cuoco

Lentaro It holt Gt go 10 Giotto
L ategoldGo 4 Lai g PGiallo

Cattaro'DCro14 Skip a Girl o Chiaro

Same Inmolt Sono tLatta14 Arlo19Are kg
Same t same 4 StadtCro o 8kpigfor 8 t o

Cattaro10Ck

Same same SpnSoo Lnkegdo Latght halo Getgo Crow

similarly
I ate go 10 Criollo Cuter It Cho k we do the same anticommutation

in the first twooperators I sulk a Calo co Cn air co and then follow

similarly Then we get

Lastaid onion1074attar't God Mno 14 SerioSantor Lnkolo
L antiageCroc's Latta Criollos

thin as we take the difference between the two terms we find the

first and last terms identically cancel each other Theandtermannual
also getscancelled Finally we are left with

Xool Car t É 010 In fro Sky N kolo Lakewood

ED
Remarkably this is exactlythe same term we obtained in the



chapter 4 forthe density responsefunctionforeach spin Therefore

we substitute eq sb in sa and obtain

Xe s car t at 014 n k r 101 2h kegold
Ten o Idea o

In the frequency space we set

Insentistentititiin es
1

So the spin and charge fluctuates in the same way for a non interacting
and spin anpolarized case Therefore the physics of the particlehole
excitation in the same

The spin and chase susceptibilities become decoupled in the RPA
channel



RPAtheoryoftheHubbardmodd

Recall that RPA theory is nothing but a tend mean field
theory For the charge and spindensityresponse we employthe mean valueof
the charge spin densities respectively Hence it convenient to expressthe
Hubbard model in termsof these densities

Recallthat S in Sic t Sis Sit Sie Sis where Sic sis

are the charge spindensities at the ik site So we get

Hu VIC its it th a I sicSic SisSis

s CasseGat Sscaesta

2ha we add an external perturbation

H it I Qext at SaC 9 Ga

In this care the time dependent mean field expansionofthecharge
as

5 Car Saina ait 5cal
nutmber mean valid operator fluctuation

and 4557 0

Then

Hu I Iq Somid or t It b

Then Hu t A 111 Tt 1421 9potcare Ice a so



where 9 tot Nt Qext Mt U Sa na or t sd

Then according to the linear response theory

and Se andforW 71PacarW ofext q a f

so substitutingegged in ear sd we get
0 tot Text t UXc 9tot

8

And substituting eq g in ear se we at

Xining su

At q o woo we have Xc 9W 910 Hence

the RPA denominator It doo u does not vanish for any value

of Udo Hence there is no singularity in the theory at art o

At w o Accor W doo for aka Since f 0 so

there is no singularity at finite value of a as well

At art a Cws veal Xc car w Bff
Then x Carin Inning MEEwg

where wild nugym is a collective mode Forcharge

susceptibility one needs to also include the long rangecoulomb interaction



Next we consider the spinpart Similarly we employ time

dependent mean field theory for spin as

Sscars

Egg
IsCa cat

MB D
Then from the Hubbard model we get

A v I Szcar t Ss f a b

Again for the calculationof the spin susceptibility we add an external

magnetic field along the 2 direction whichgives a perturbation term

H et 242 Bextor t Iggy99
ME 144 5

Then we get Hu t 17114 21 I Blot or t Ss1 a 94

where BfotCar t Bext at V Szfar t gel

Then using theLinearresponse theory we get

SzCarW XscarW BffCorW
XsMW BeetCorW

Proceding similarly weset

X.tn 1 fff ah



Now because of the opposite sign in the Imx Particle
RPA denominatorforspin we get new singularity holeinfstbitts

continuum
at WTO when the RPA denominator diverses at
9 0 at g Ike respectively f Me saw

ld

states appear
a vitality we know that XoCar so w 0 d10

so the RPAsusceptibility diverges whenthe denominatorvanishes

ludeo.IS wa

or Vert 11410 Ob

At this critical valueof U the interacting or total

Main response function diverges in becomes singular This

suggests that at this point the entire spin deneity will deforminto
some rearrangement of skin density to avoid this singular behavior
This is to say there is a phase transitionfrom spin degenerate

ground state to some ground state in which spindensityin

deformed into uniform gto and static wto value
Since spin density is defined as 8 94 2 therefore the

spin of density will be higher than thespindown one at
all positions uniform This is the ferromagnetic phase
The physics is similar to screening butfor spindemeritshere

In the case of chargescreening we had s tot Sitesend le UN Sext

E Sext where the induced charge UNoSext screens theoriginal
charge density Similarly here indued spindivinity is
Sind Sid UTo52 screens theoriginalspin duntyof St Ss
This leaves the system in a magnetized state permanently Here



Bext is like a test field physically this means if there is an
intrinsic spin fluctuation causing an intrinsically generatedmagnetic
field thishaves the entire system magnetized into a ferromagnetic

ground state This is the signature of a phase transition and
the Stoner instability predicts a phone transitionpoint

b

sdwnstdititytqto.MN
we can look intosome possible instability in the

RPA susceptibility at finite momentum of 0 Recall forthe charge
susceptibility case that the singularity in at or 2kF gave
a charge oscillation in real space at the wavevector q 2kF
whichis called the Friedal oscillation In thepresent case we

get a similar feature of spindensity oscillation which we call the

spin density wave order A special case of the spindensity
wave is the Antiferromagnet when 9

9 2 er half ofthe
reciprocal lathie vector

Since Xs or 0 d o F W 2k we get fromthe

spin RPA denominator 0 conditionsatisfied at a particalvalueQ
1 U do F Q2kp o 1a

d o f Q2hr Yu Ib

In such a case a similar calculation as in the Friedal oscillation

care gives the spin dunity wave siltation as

151DSIQWSCQ.IS



fiii

i

we see that for a given fermi surface X1Q I u condition canbe

satisfied for any valueof U as long as it falls under thebandwidth

of the material Therefore in principle one has the SDW instability
for any valueof or for a given v But if the corresponding
q value is not an rational numberfraction of the reciprocal
latticevector then the spindemity wave has a verydifferent
lattice structure than the original lattice Its called the
incommensurate SDW They tend to have very short life time
and are often not very stable
But for the case when Q G 2 for some rationalnumber

multiplication of of G then then accordingto early the

spin density is repeated in twice the lattice constant of theoriginal
lattice and at the original lattice site it hastheopposite share in

spin down

Eii.NAME
newlatlice constant in Re AFM phone

This is the Antiferromagnetic phase When Q 2kF then

the Fermisurface singularity in responsible for this SDW stateand
this is called the Fermi surface nestin instali



51 manadth fferomagnet

Next we develop a static mean field theoryof the FMphone
in the Hubbard model This is to say in eq a we assume

the mean spindivinity in static is

14 5219 secure is

Fization fluctuation is also
considered at q o uniform

m on a nap

magnanzygygyngynggggypI

m 2527 v 14

Hu UE Ss a Ss 9 8g UELSGE.at
UELsscas Ss a 5519 5 a 559 45,1903890
9
Th Te unmms

c f the mean field expansion 5 45,752 452 5 S2

20m S Co 0m 0 Ss un

ignore since we are interested in
small fluctuations

24m CtrCra Cui G1 U Mtn 1st

we need theconstant valued last term toshowthat the resultant

total energy is lower than the non interactingtheory above the stoner
criterion



Now plugging this mean field valued Ho in the total Harmtomin
we get the mean field MF Hamiltonian as

HMF In at Cho UM aᵗ Ga Chi Gt apr 4
R o

Et Gotcha u m t 16g

where Ef En O UM where a It for 1
Gb

Therefore the non interactingband structure now split into
up and dow spin bards with 2Um being theuniform

i

k independent gap between them Because of this uniformsap
structure for the ferromagnetic state we can interpret it as

if the chemical potential is now differentfor the two spinstates
In other words now there are more upskin states thanthe
down spin state and their corresponding Fermi surface
volume are also different to accountfor this difference

IYiife.iete
It



I Eq 164 can also be interpreted as Ei Eu Ik where

If GU M E U25s Hartree line Self energy form we

defined in the FermiLiquidtheory when U E fo and Ssend

The mean field wave function is

Mine IT
rep
It feppcia 107 Ca



Self Consistent ferromagnetic gap equation

There is anotherway we can figure out these criticalpoints
in terms of U R T Recall thedefinition of themagnetization
in eq 4

m Lss 14

when theexpectation value of the spin divertyoperators in
taken with respectto the mean field wavefunction in ear 7 The
mean field wavefunction depends on themagnetization as well
embedded in the value of kF Therefore ear 14 is a self
consistent equation for m For a given value of V and T

in there exists a sontion of M 0 then we have the
FM phase otherwise its a paramagnet MIO since mao
is always a trivial solution
This can becalculated as follows

m In 4 at curly 2419 cat 4

f E f sat stt su I um

I can

UM X 9 0 w o

a Diii At 7 0



This is exact the Stoner criterion which also turns outto
be the self consitent gapequation for the fin sub um or the

self consistent magnetization equation Became the instability
occurs at quo so the non interacting bandis fullygaffed at all
kpoints The fin ground stat clearlyhas a lower energy by 2 um compared

to the non interacting one

Therefor we get the same relation that do u is the

critical value of the interaction parameter for the theory to have a

finite solution To compute the value of m at a valueof u Ide
we need to go to the higher power terms of U on the R A S

IHI calculate en yo at finite temperature and show that
Tc is defined by

kata Jim
showing that Tat o at video l and to o for udoozy



Next we can obtain the total energy of the MF theory as

EMF LYME HMF 4mF
Ʃ at 4mF onto Go 4mF U m n

Rio Tai at some thermalequilibrium

E E test une n

tooth
Enoteeno co so far de de des

I 1 dad e is www.T m

2f desde E1ii as
ÉÉ

FEI.mn magnetic Ground stateenergy
we often assume day 410 as

des isweakly dependent near of

Eo did off
um

Eo EF um Ef um
2

2 2 did
Eo 2410 Um

Therefore the mean field energy in

EMF Eo 2 do 0m
2

V m m

Eo 2 0m ud10 1 unt 8

First term is the ground state energy for M 0 nonmagnetic

cowl The second term gives a negative contribution when
Vdco 1 This is precisely the stoner criterion forferromagnetism



The 2nd term becomes vanishes at thecritical point of
U do al which is the Stoner criterion and for u do I the

2nd term becomes negative This means the energy is lowered

in the FM state m 0 Therefore we have a quantum phase

transition from the paramagnetic stat to a fin state at ud l

I
This is a very different phasetransitionthan the usualphase transition

we see in statistical physics which occurs duetothermal fluctuation

Above we saw a new phasetransition which is called thequantum

phase transition driven by the quantum fluctuation Herealso interaction

14 is necessary but notonly the interaction but also Pauli
exclusionprinciple which isembedded in the fifine densityofStates
doo is also necessary The

coulomb interaction in thespindensity
channel is the exchange term which is negative Therefore afinite
spindensityat a site hit hid prefers thespindensity at other
sites to be finite which lowers the energy Theonlyenergy it hasto
competehere is the kinetic energytermwhichis restricted dueto
the exclusion principle The scenario isvery similar tothe 2s m
critical point we discussed in the Hartree Fock theory As do

in thenumberof particles at the Fermi lend increases the

interatomic distance rs nt decreases So the electors tend to

be localized



Whatabout the phase transition with temperature 7 Thereis

ofcourse a phone transition of the usual type at the curie temperature
To Here the mechanismof thephase transition is different with

increasing temperature theelectrons are thermallyexcitedand this

increases disorder in the system which destroys themagneticorder

The measure of the disorderisentropy so we needtocalculate

the entropy and compare with the external energy F E Ts

As the entropy term increases one has a phasetransition at to Els

Since here themagnetization n is the order parameter so
the entropy can be expressed in termsof themagnetization as
we did above forthe internal energy Then as thecoefficient

of the m team becomes negative alone a critical temperature

it destroys the magnetic order



5 MeanFieldthuryofSDWCAFM
Next we discuss the care where a spindensils wave forms at

finite waverector Q dueto the Stoner like criterion at 1 UXca o o

We will mainlyfocus on the 9 0 7 case where an anti
ferromagnetismAFM form

its before we will be considering a time independent mean field
theory for a mean field saw order at q Q

Ss a Sz q SzCQ t o St Q 120

Here the magnetization order parameter is

m 2540

L I Eat Cat Eat I Cup ta

I o doc e in

gftp.tcioeikr21b

For aLama 9 2 E half ofthe reciprocal lattice rector
This breaks the lattice translational symmetry doubling the

unit cell in real space and reducing the reciprocal lattice

by half in this case

att T T
21 t

I T t I 4 ks

t
t.EE E

I 4 I 4 I 4

A FM



So in real space spins are staggered with t 47 spins
in alternating sites Therefore the new unit cell called
AFM magnetic unit cell now has two basis states Th

f spin atoms so we have a 2 sublattice basis in the

Hamiltonian and in the spinor stale Sometimes they
are denoted by A B Snblattice for convenience and the
magnetization per unit cell is now defined as

m LSE SED can
n p nite nit mid I pig

so the total magnetization of the unit cell in zero in the
ideal antifenomogtic case but spins are ordered in the

ground stale at each site



We can insert the mean field ansalt in the Hubbard
model in either real or momentum space and yield the

Same result

Hu I Iq sC97tSsCQJJLLSsCQDtSsCQD.S

I V 2556775 Ca V25sCOP SEOKSCOT
I V

Emln'Ia cur Atta ca
um at Q taf.at

22

The full Hamiltonian in

Aspot EEuGst Go t Hu

Fealty to hot EneaentersGeno

UMEemia a o ko um R 3

where we have restricted the k values within the magnetic
Brillouin Zone and the one outside is defined tobe Greg

Et



The Hamiltonian in eq 23 is not diagonal in this mean

field theory and in of the form A IpEsp Catop that

we studied in the second quantization chapter To diagonalize

it we invoke the same canonical transformation by the unitary
transformation which diagonalize He Hamiltonian matrix

We define the spinor 4ko ko hea o and then we express

the Hamiltonian in the matrix form

Asow InThat 275ik Ya

when ItsDw Ch
W Wh

2g
oum Enea

we can diagonalize this 2 2 matrix foreachspinseparately
The eigenvalues are

Ent Eat I Tatum EE shift
Uh Cas

This is like the nearly freeelection model in which the

parabolic bands are folded with in the reciprocal lattice defined
by a and at the zone boundary a sap opens On the

present case the band in a reciprocal lattice a n now

folded inside a reduced magnetic Brillouin zone at Q 0 2

and a magnetic gap of 20m opens at themay B7 boundary



i T
I I
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i
I
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Il IAla

Now we have two bands inside the magnetic BZ while we
started with only one band If we set the momentum clarity

Inn I at Tao at all k upto the fermi level we may get
larger number of electrons in two bands But the number of
elections must remain the same what happen is that
the occupation density at each k is now not identically
I but have a probability distribution of Cnn Nite I
whine on in the component of theeigenvector of Hsiwell
We also have to reevaluate the chemicalpotentialtomaintain
the Same numberof electrons

The two eigenvectors are denoted by

mica Ein korma II 269

The normalization condition gives Knt't Bnl 1 Becauseof
this constraint an B u canbeparameterizedby a single
angular variable Ok as an Coson Pa Sisiok We will

however continue with and Rn



Solving the Hamiltomain we get

Knt Eton link Eoa 265

The canonical transformation from C et to b b t which
destroy and create a quasi article in the bands are now expressed

as

bro I 9h Cho o BkChea 275

bro o BrGro t th Grego 27 3

Theinverse franiformatori is

Cho an b not t o Bu b no
air 0Pabury an bn

70

Ltd

The Hamiltonian in diagonal in this bar is as

Itsow I ErvEn but o b noo 28

The ground state mean field wavefunction in

Yoon IT bit bit 107 293
KERF o

With this ground stats we have to reevaluate the chemical

potential to maintain the numberofparticles to befix and
the staggered magnetization m from egesta



The number of election per unit cell

n Nt na

ƩLtsw CrotCar ChiaoGear I Ysow
KEMBE o In thermal equilibrium

Now using the canonical transformation of ear 7 c 27 9 we

cut
CptoGo ChiaoChiao 12h12 btkotbhottlf.nl bio bar

na n E.nl Effy
forspin

f Ent 1Pa FREE 309

2 4M 1PM As o f s 1 30b

For all the kpoints if both Ek Eñ are filled went Kal 113m

otherwise onlythe weight ofthe corresponding filled band contributes

The other selfconsistent equation is the magnetization one fromear 21 a

m I E Latter Go Enemftsow attack Ysow
forany onespin

I saw latexCn14sw You Bibi at bi but βkbr tsp

anBILE but n'Balbi but
IBM IEIT.FI klLbtnbntTf1EiTo in theSDWstate



i m Een f th Bt feet thaBu f cen
For those k the values when both bands are filled at tho

and since da f Ba are real so the contribution to'm vanishes only
those k pointswhere only the filled band contributes

Em IT t cEnt Yin teen

um E Elt EEE HEE
KEMBE

GIDor 1 É zÉÉIÉ why Ent Ent 2Eon
11 019,02 316 and Enea Es

at a LaAID
The factorof 2 arises in going from MB2 to the fall BZ

We again seethat the selfconsistentsapequation is same as the

Stoner criterion but at q Q
Bolt eq Goal and Gib is to be computed self consistently as a functionof
pie and U of a solution exists then an sow stale can form with
lot of low energy approximation one may obtain some analytical
expression for the two self consistentsolutions which may eventually
not be very useful Ohe can solve

there equations numerically
Ey



To semi quantitatively proceed we er

assume theduty of state is w
R If

d tw
inform in energy ranging from
W to w nature wi the W Gt

band width Gt for the fight bindingcase Then ear 31 sires

Jds die ftp.pftcef E fumi f er Venture
α

value we focus in thevicinity of the gap where Sato See

such that eat and Gi 24 and Eon Time

2 if my
4 FEB at too test trees

0

I steer Enemy 1

bn EF N EF w
2 in thehalffilling

or U

gf 2 care er net

when Q 2nF
The singularity in the Fermisurface is now converted into a

consularity with respect to the carrier clunity The critical
value of U to have a phase transition in when the RHS giveszero

This happens at three filling fraction of n l when logco α

and v 0 Therefore an AFM instability in expected near the

Half filling

The qualitative phase diagram can then be drawn as



Y W

AF or FM

X
ties
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5 5 U a limit Mott insulator P Phillips book

P Colemanbook

In the above we discussed the Fermi surface instability at toro
characteristic warerectors and the corresponding phasetransitions to the
Fin and the AFM phases Then we developed the mean field theory
in the momentum space by going from nro nur Sn no

This approximation is valid in the weak coupling limit where
N 2W 1

In the strong coupling limit of U w thelocalized picture
arises which is in general classified as Mott insulator On some
commensuratefilling factor we however see the ordering in charge
or spin dimity Because of the real space picture we get energy
levels or flat band in the momentum space As the hopping is introduced
the elections can now hop between the sites and here nio is no

longer a conserved quantity Here we can thinkabout a mean

field theory by expanding hit Chef Shir we will first
discuss such a mean field theory which will result in producing

dispersion in the energy levels

Topically U w limit is rarely reached in real
materials although in several materials suchas V202 cuprate
superconductors and in Heavyfermion compounds buch strong

coupling limit and A FM insulating phone is believedto exist
But nowadays inch strong coupling limit is easily achievedand
tuned in cold atom engitems and hence the Mott insulating

Wigner crystal and other phases are or can be observed



After developing the mean field theory we will focus on a

powerful method to construct the menthol effective or renormalized

method for the low energy physics The method is general tothe

degenerate perturbation theory to quasidegenerateperturbation theory
This method is med widely in strong confling theory and
also in other contexts and sometimes known as the Schrieffer

Wolf method Using this melted the Hubbard model can

be shown to give a low energy t J model



5.51 mail.ddtheo AFMi.nu lmet

As we argued in the introduction there is a preferred AFM
state at half filling ie n 1 where every lattice site has

one elections Due to coulomb repulsion they prefer to be one
electron per site At t 0 this makes the ground state energy
level to be MN with 2N sold degeneracy and the first
excited state in MN V with one site being doubly filled and
so on This is the Mott insulating state
This Mott insulating state with 2 fold spindegeneracy is very

unstable to any finite value of the nearest neighbor hopping to
Stater wing the Hareba Fock theory showed that the Mott phase becomes

AFM state at A Ot To establish that we will me a mean field
theory but starting from the real space
The AFM order looks like

I a I

iii i
If I

we devote the up and downspin starts as A B sites The

unit cell now contains two sublattice basis we define a

doubled unit cell which contain two sublattices with



oppositespin and denote the unit cell by the index I

Therefore at the same unit well I the magnetization
in defined by

m MA MB

This is called the staggered magnetization
This should be Tasted with the local onsite
magnetization on MA IAT SIAI MB SiBa
Si B1 we we however goingto focus on the

staggered magnetization as the order parameter here
In the AFM phase we have MA MB in each I Then
the staggered magnetization in related to the local magnetic
moment as

M I MA MB 2 MA

where the totalmagnetic moment mtot MA MB 0

We will assume uniform magnetization in all unit
cell i e m I m ME ME in all unit cell

Now we expand the densities around the mean valueof
the magnetization as

Sea M 851A
339

SIAI M 8SIA1
and SIB M 8SIB 335

SIBI M 85 IBI

number operators



Then using the mean field decomposition of the Hubbard model we
at
Hu m 85 at m 8111 M 85 m 8SIBI

ME 8StApr 8 Bp 1 20m

1 IA Gap C Ba Bg 11 20m

Um C Cubo ChtarCrao 20m

Twhere Star I ChatoGare
R GatoCrar

The kinetic enray term is

He Effo Cio ME Cit Cir

t C ar CIBo hic M MIAthIB

Er GinoCrbo the m cutoGao Carton

Note that thedispersion relation En is modifiedhere compared
to the original unit cell because of the Zonefolding
Along any direction say along the x direction we have

IEIF f.fi 1
A A B A

T.it
doubled unit cell

So Er It e k t e ks t ite ike

3 t 6 cos hx wsky wskz i6t sinkytsinks sinky



To formulate the Hamitorian in a matrix form we define the

spinor the Char KBO which gives

It HktHu Yet no Yro UM

when H kg
M um an

E mum
34

Notice that this Hamiltonian in very different from both FMA
AFM mean field Hamiltonians defined in the momentum space
Here the magnetic gap enters into the diagonal term like a

Zeeman term while the kinetic energy Ea withoutthe chemical

potential goes into the off diagonal term
The eigenenergies are

Ept M Thump 35

This splits the single particle Tarty in in the Mott limit into
two bands Ent with an anisotropic gap of Ap VEITUMP

MTU
IT IIoVPPERHuBBAR

un f µ
BAND UHB

YEEYIII.it LOWER
HUBBARD

FI I BAND LHB

Hw Find the range of pe where a metallic phase can appear.J



This weakly dispersive Hubbard sands can be contrasted with the

highlydispersive AFM bands in the weak coupling regime
I 1

i i
f

Iifwith

It

For t 7 U For t LU

argtdw.tnimtcoractnnstoaemoa insulator
state t CLU the chemical potential crosses the LHB or VAB

respectively

i

hole doping electrondoping

Herr Ihr Fermi surface is very tiny and the carrier concentration
ie the number of particles on the Fermisurface a very Amall and

we will get semi metallic like phaseNote that for dills hole
doping we get Nagaoka ferromagnetism not a Stoner ferromagnetism



The eigenvector are obtained in similar notation as in the
AFM care as

tri oh tai

where krl.VE IPrl fEEE
The self consistent magnetic gap equation is

m 2 IAP NIBI

factor 2 forspinftp.LnRAN NRBI

11 f Ei 1a1 f EI
shimmidt entire
Bt with afactorof2J

We assume that at half filling we have an AFM insulator

sothat the only filled band is the Eñ Then we get
A UM

Notice that we
EFI set El I became

there is an implict4 FEE normalizationof
1 111 01 En

1 18cm
me

where 9th k z

Ey 2t Cuskxt



Such equations can be solved iteratively by substituting month
Rit S and doing a leading order expansion butonly keep the
terms affo the same order

m L 1 A
1 2 L
11 2 01

we can calculate the total energy similarly

E Ent CET EI fCEñ um

20 at 7 0

EM AE IEEE um

Eo A it 24 um

Eo A 44,4 u m

Eo Um 2 fm u m

Eo v1 1 2 4H 1 2 1 2 E

Eo 2
ᵗ

0124109
8

if
Therefore we see that the correction comes in the 2ndorder
correction term as J 470 For 5 0 we will have
an instability in the energy in in and orderperturbation

term w some singularity arises in the energy as we

go to and order perturbed energy Below we construct t 5model



216 EffectivelrenormalizedHamifonianmed

By effective or renormalized Hamiltonian we generally mean a

low energy Hamiltonian for the state at low energy groundstate
which is our interest If we have only one state groundstate
or a degenerate ground state we generallyconsider a perturbation

theory to obtain correction tothis energy stat Then theperturbation

theory converses if this starts is well repeated in energyfromthe

first excited state But if we have a bunch of states namely
a manifold of quasi degenerate states at low energy which
are separated from the otherstats withlarge energy gap then

we cannot really find energy corrections to each energy levels
thisway since there will be off diagonal terms Rather we want
to obtain a Hamiltonian matrix called effective Hamiltonian

onlydefined for the low energy manifold ofStates So this

seems like a perturbation theory but slightly more general
than the perturbation theory Con fact in the renormalization

grong Rn theory we do a similar technique that we

start with a interacting theory and then want to obtain a

low energy theory A low energy theoryfor bosons in a long
wavelength or k t o modes or for bosons long wavelength
fluctuations around the Fermimomenta K Rft 8k theory
Here we want to get rid of the high energy large k mods
and obtain an effective renormalized theory for the lowenergy
mode Herr also the above method would be applicable with

perhaps sight adjustment in the theory



This effective Hamiltonian method is more powerful
and general than only to finding low energy effective theory
of a given Hamiltonian Imagine we have two distinct
degrees of freedom such as electrons and nucleus or

electrons and phonon Then the total Hamiltonian has electronic

part other degreesof freedom nucleus phonon and a coupling
term Then we wantto obtain an effective Hamiltonian forthe
electronic part only by integrating ont the otherdegrees of
freedom This is inthe spirit of treating the couplingpart
perturbatively or sometimes exactly such that bolt the electronic

and phonon part become very much deconfolis at the cost of
having corrections to the electronic Hamiltonian and thephonon
Hamiltonian Then we can simply work with the electronic Hamiltonian

of our interest Similar situation arises in open quantum
systems where we have a system of our interest and a balk

or environment and a coupling between them Herealso we
can apply a similar method and obtain an effective Hamilton

for our system of interest
We are learning it in the context of the Hubbard

model because in the strong coupling limit of Ulta as
at half filling nel we see that there is no unoccupied

site or state as doubly occupied site state cost Usa energy

Therefore the singlyoccupied status of up and down spins
are well separabarated in energy from the doubly occupied
and empty stat The effective Hamiltonian for the
two low energy spin up and spin down status turns out
to be a Heisenberg like Hamiltonian called Hu't J



model we want to derive such a model A similar

derivative is also applicable in the Heaveyfermions

compound when one has a strongly correlated localized

f orbital state and a delocalized itinerant conduction
bands such a model is called Periodic AndersonLattice
model A similar effective Hamiltonian for the low energy
singly occupied f orbital model gives the well known the
Kondo Lattice model This mapping between the twomodels

is known as the Schrieffer wolf model



We will start with developing the theory as general as
possible and then apply for the Hubbard model here and

for the electron phonon confoling model in the nextchapter
We have a total Hamiltonian that we

decompose as

A Ho e v e

where Ho is the independent system bath part of the
Hamiltonian and V5 the interaction between them

Then the eigenstates of the independentpartHo

shown here in which the P stalis

we denote as low energy states

P E'salthough it doesnot necessarilyhave

to be low energy state but stats

of our interest we denote the Q I
remaining status by Q The
status in P can be degenerate

then we can simply me degenerate perturbationtheory or

have energy gulp 8 LCA where A is the gap from this P

manifold to the rest of the status on both sides or

P states can simply bethe lowest energy status and they
are separated from the high energy status by a sub A



procedure

There is an exact theoretical to do this but becomes

analytically it becomes difficult and we eventually make

perturbation theory like approximation Theexactprocedure

goes as follows Let us say P is a projectionoperator

on the manifold states of our interest ei P states and

defined as

P Ʃ P LP 2n
PEP

Then the remaining states form an orthogonal projectionoperator

Q a a 2b

it statin are the eigenstates of Ho
Because Hisstates form a complete basis so PtQ and
PE P Q's Q and PQ QP 0 which are the consequenceofthe
orthonormalization of the states Ii

Now there is a general theory possibly proved by Van
Vleck that the interaction operatorcanbe written as

11 Vp Vx 3 a

where VD is diagonal or decoupled or projected in the P Gstates

XD PVP QVQ 135

and Vx is the off diagonal part
Vx PV Q QUP 39

Then we want to find a unitary operator V e's
where s is an Hermitian operator such that in the rotated

basis of P UP Q IQ the off diagonal part
Vx 0 The remaing problem now is to findenhan
Hermit perators



Thi problem in turn says find an operator s which
reduces the total Hamiltonian Homterctie HarmHonia

Hess in which P Q manifold are decoupled as

eis Hay
e is Hest 44

where
P HeffQ QHestP

Falk 291 Hest q 0

Lp Hest a 0 4

Using the Becker Cambell Hausdroffformula we obtain an

series ofcommutator as

Heff Ho V i S H S 5H s s s H

Ho v i s Ho i Six s s Ho 0 V

where we tractateseries at the and order term in the
interaction term V in this is like a 2nd order perturbation

theory
Next we want to choose's such that

vtics.IE 53

substituting eq 5b in ear 59 we get

EhI



In some literature such as in CohenTananje book such
an 2nd order term was obtained by expanding s s otts that
and adding a x in front of V as A Hot XV and matching

powers of X on both sides

Now we obtain s from eq b by taking expectation value
with respect to the eigenstates of Ho

Lpl via if HlsHola LP Aosta
i Lp star Eg Eg A PEP q E Q p q

or

Lb is 197 theft btw sa

g b q he chooses toO satisfy this

Therefore s is chosen tobe completely off diagonal between
the P Q manifolds ni S acts like a ladder orjumpoperates
between the system P bath Q
Now we compute the matrix elements of Aest in theP states

L t Her p Lt Holly IEbisulb's plus p's
PtQ I ItQ I

Now we insert Pta I I Ik Lkl
RE Pta

in thewhose Hilbert

space and since pl si k o for k P we only obtain
obtain terms for RIP as

LIxlpp.IE 811 II4xhpHej eg



where Vpg P V 9

This eq 50 is very similar tothe 2nd order perturbation
theory but now generalized for amanifold of states which
need not be degenerate For a degenerate care Ei Eje the
two terms in the 2nd form will add up to the same term as

we obtained in the QM course For a single state p p
thematrixelement of Vba vats and we obtain exactly the
same term as in the 2nd order perturbation theory
The eigenvectors of Heft will bedifferent from those of Ho

and hence in this procedure we obtain corrections to both the

energy eigenvalues EP as well as tothe eigenstates

Notice that the perturbation term consists of Vpa vary
in it consists of interaction between the low energy system
states and the high energy bath states one term Vpla

scatter a state from Ip's to lay followedbyanother

scattering from 9 to 10 therefore this is like two body
interaction term between the status of Ho A Feynmann

diagram of this interaction term is like

4 tTFÑTnvpar vertex
vertex Propagator

Efeg FIL



Then eq sd can be expressed in Feynman diagram as

testTim ID
Ho I IPP tendonAest

Emma
It might be obvious from eq fed but often people forget
in other cases that the Hest and Ho are onlydefined
in the restricted Hilbert space of P not on theentire
Hilbert space of Pt Q Sometimes one use the full Hilbert

space of Pta but insert the projection operator P in
the expectation value calculation so that the only finite
expectation value is for the hep status and the rest is
Zero This sort of treatment is sometimes called the

Gutzwiller Projection method
t J model we will use this perturbation method for the

Hubbard model to obtain the t t model forthe

HS I states

Kondomodel Ew Solve the Periodic Anderson model to
obtain the Kondomodel using this method

Election Phonon Coupling In next chapter we will me this
method to integrate ont phononmodesand
obtain an attractive electron election

interaction giving superconductivity
similar method can be medto obtain the strongforce between



proton proton by integrating out the froon modes in a nucleus

5.51 ThetTmoded
GBaskaran PW Anderson

We will now applythis theory on the Hubbard model at

half filling in the UeT limit Here of course Ho Ho in the

unperturbed Hamiltonian and VI H is the small perturbation

The low energy manifold is ringlyoccupied at all sites
with energyEo MN Then the first excited stalt is take one

doubly occupiedstate and one emptystate with energy E MN

UN The nextstate is 2 doubly occupied state and so on Since

V12 So these manifolds are well separated Q E

p Eo

we study this model in 2 site lattice i i 1 2 and the

number of election N 2 The Hilbertspace has 6 states

1497 Cip 2 10 Eo 2M

194 as

an
P

111
120 EOE 2 Mtv

1027 Eo 2M v J Q

So we want an effective Hamiltonian that acts only on the

tour stats EP and the remaining highenergy doublyoccupied
States Q should be eliminated



For us the perturbation is

Ht ipC2 Ctt Ca Cept921,91

Then

LTT V1797 0 and thesame for all the Pstates
220 V 997 0 and the same for the 1 spin due to
4201 v1 a t CEisitoppii.it isn becomeof
4021 V1 tt t normal ordering

420 V11 9 t

202 N 9 1 t

Then 941 Heft 91 214
2

219 Hess11,9 2M
2

2941 Hest 19
2

4141 Hest 1 It
we notice that we only have off diagonal terms for the
4 11,77 channel i for the 8 0 channel while 774
Hit terms have no contribution from the interaction

So we write the 2 2 Heft Hamiltonian in the spinor
of 1945 11,93 as

Half 2M

2M E I It ox



so we simply have to go to the risen basis of the ox which

is
Q t for the eigenvaluesof

ox It Therefore the eigenvalues of Heft is

EF 2M 2m 4

and the corresponding eigenvalues are

11 497 triplet
4 194 1197 singht

In other words the 4 4 Helf hamiltonian has three

triplet states which are degenerate at E 2M and a

ringlet state at a lower energy E 2M 4ᵗYu

S 12M 1997,144 ta 194 197

g o2M 1 4 1197

This is not very surprising because the effective Hamiltonia

is symmetric under spin rotation of thesystem So the

total spin and momentum 5 5 etc commutes with

Helf Since 5 0,1 so the Hamiltonians eigenstatesmust

have the same spin quantum number

Therefore the 4 4 Hamiltonian can be written in the

spin basis of two spin 112 particles as



Hete J Si SI MI Cio Cio 69
i 1,2 o

where FEI called the superexchange

term
and 5 i II p Fap Cip

for the lattice of N sites the model is easilygeneralized

Hey J I 5.5 M É fit cioj

This is the Heisenberg Hamiltonian but with an additional
chemical potential constraint that the total number of
electrons must be conserved

As we move away from half filling and add or remove some

electrons the double occupancystatus from the Q manifold
has to be accessed For P to a manifold are jumped or

hopped by the Itt term and hence we can add
it to get

Hy _t É M71o4o53É.sI
Gb

This is the celebrated t J model



Since J u 70
therefore we set a negativeenergy

contribution if the spins in mishboring sites are anti

parallel to each other ri Si tend fine Ji
that Si Si S 14 which gives the totalenergy
dimity on E J 14 T t O as also obtained in from the

mean field theory of the Hubbard model

This model also has the spin liquid state in which
the sight status between the nearest neighbors remain

disorder rather than become ordered as in the AFM case

Usually ordering always lowers the energy but toobtain
disorder state at zero temperature one needs additional
constraint such as lattice frustration Once such a disorder

state is obtained at aero femparative we call it a

spin liquid state This is also known as the
Resonating valence bond RVB state
The t J model also has superconducting instability

away from half filling which was originally proposed
for the high Ta copper oxide superconductors by
G Baskaran and P W Anderson But experimentally
there is not much evidence of the RVB superconductivity
in this compound prompting the idea is that perhaps
the Hubbard U is not that large and one needs to

starts from the weak couplingC fermiliquid limit


