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superconductivity as we probably knowbynow in a state of a metal
at low temperature where the resistivity becomes absolutely Zero
It was discovered in the lab of Kammerling Onnes in Leiden
in 1911 in Ag element There are manyotherproperties of thisstate
which make this phase a unique one as we will discuss in this

course The theoryfor the superconductivity is also unique very
differentfrom magnetism dimity rare order etc and the theory
came in 7957 called the Bes theory It turns out any
fermi liquid metal is unstable to an attractive potential and
becomes superconductor but the transition temperature changes

from material tomaterial In 1987 a new family of superconductors

namely high Te or unconventional superconductors are discovered

in copperoxide material on 2007 a iron arsenic based
unconventional superconductors are also discovered By now there are

more unconventional superconductor families are known It is

suspected that the mechanism of superconductivity in the
unconventional Angerconductors which will not be discussed in

this course



ExperimentalPropertiesofsferandndor
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Insist The main

signature of superconducting
is the complete vanishing of resistance
below a characteristic temperature Te This
is not a coincidenceof a perfect conductor without any scattering
process but a new state of matter where all conduction
elections goto a macroscopic collectingstale whichcan avivet all

scattering process saying that there is no other states in

the nearby energy where the electrons can Scatter to So there

must be a finite gap between the superconducting groundstaleand
the excited state Indeed there in a finite gap as obtained

from the specific heat data and also in the demity of stale
measured in the scanning funneling microscopy STM data
and others

The non superconducting state is called the normal state

Energy Gaf In the superconducting se state theentropy
decreases continuously but has a kink at Tc

signalling that the specific heat must have a jump at Tc This
is the criterion for a 2nd orderphase traneition to a

macroscopically ordered state
s t



The specific heat has a exponential growth at low temperature

which is a signature of an energy gulp denoted by A
This can be obtained as follows
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of Ey tu A a gut in the single particle state near the
fermi level then we get

Cu r e
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The formation of a single particle serfs at the Fermibud
generallymeans the electrons near the fermi bud has formed a

bound state of some sort and I n the energy cost to break

the board stale The bound stat formation lower thetotal

energy Free energy of the ground state
The gap manifests in the density of states

DOS
y TTC

teeth

2T E

All the electrons near the fermi bud are now condensed

formed bound stale and goes to the coherencefeak justabove
the 211 energy gods



As we increase temperature the bound state of electrons
weakens the number of electrons go to the bound state
decreases which essentially decreases theenergy gulpalso in
a self consistent way Therefore both the coherence peakheight
in the above dimity of state as well as the guts between

the coherence peaks decreases The Avs t plot goes like
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The sap has an exponentially slow dependence at too

while it has a powerland dependence near to with a

mean field exponent of Yz On simple metals theexperimental
value of exponent matches quite well with this mean field

exponent suggesting that the mean field theory worksquite
well here
There is also a universal like ration of 2 Kato
3 5 that is observed in mostmetallic superconductors

which is also obtained within the weak coupling BCS theory
This ratio called the BCS ratio incremes if the electionphono
coupling incremes and often taken as a measure of the action
thoron coupling constant's strength



Due to the energygot in the electronic structure the particle hole
continuum is also gulped by 211 Therefore much like the plasmoncase
there will not be any photon absorption for frequency w 211

Similarly the phonon's decay process is determined by the particle
hole continuum untrasonic attenuation which willnot occur for
phonon frequency Wp L 211 For Ten 10k In Imax which translates

into infrared frequency region we 1012s

ÉÉÉ it was found that as the nucleus mass ischanged

by substituting the isotope of an element which changes the
phonon frequency war I'm the superconducting frantition
temperature To changes as To a la a Wp This provided an

important clue that election phonor confling played a key rolein
the mechanism of superconductivity



IEY.tt 7 superconductivity is income
exclusion of the magnetic field from the interior of a superconductor
thismeans the superconductivity in a diamagnet and diamagnetism

vanishes as superconductivity vanishes
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It B in the total magnetic field in a material in responseto
an applied field of it then

B I 4AM O

So It Ia is the induced magnetization

This phenomena was discovered by Meissner and Ochsenfeld

and called the Meissner effect
In fact the magnetic field penetrates inside Ctr material a

bit and there is a distance called thepenetrationdefect Xo
which measures the distance from the surface of the material

upto which the magnetic field penetrates inside thesystem The

penetration depth is inversely proportional to the se gap

actually it turns out tobe X a la and hence as

superconductivity weakens ie the gapdecreases the penetrationdepth
increases and at Tc A 10 X L the system size Asmagnetic

field strength increases He s c gals A decreases so there is a



critical magneticfield called Hc above which superconductivity
is completely zero
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In fact there are two types of superconductors called Type I
and type I The above description holds for the Type I se
on some materials especially in alloys or disorder superconductors
there are two critical fields Hc 4 Aca The material shows
the usual Meissnereffect upto Her and above it themagnetized

does not sharply ravish to Zen but smoothy decreases to zero at
some higher critical field Aca Between Ac and Her the

magnetic field penetrates through the inside ofthe material but
superconductivity is not yet destroyed The magnetic field
infact makes holes through the material and passesthroughthem
they are called vortex or Abrikosor Vortex'isold the restofthe
material remains superconducting All unconventional superconductorsare

Tape I
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It was F London and A London brothers explained thisphenomena

in 1934 whichis called the London equation They argued that
in a superconductor since there is no resistance the Ohm's law

Is o É must be violated Ohm's law is based on dissipative

force Fa t argument London assumed that rather Menton's

law which is based on energy momentum conservation is

valid so the electromagnetic force

E e e É m dig

Ye If J net
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this gives for É o J to but I constant as in Menton'sdad

assuming that all the changeparticle dimity net oscillated at

f
Iyjmnjjqu.hnIy jfÉÉÉÉÉ wept

iWp net Now He hangs law gives F E 45 Nlt

Then we get F II WE net
W F El

dog ng Eet constant J
Next we take Ex on bothsides of end and used Maxwell's

equations
da Ex E FLEXED
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London's prediction of the penetration depthmatches remarkably
with experiments despite not assuming any mechanism of
superconductivity In fact after the discovery of the Bes theory
in 1957 the expression for the penetration depot was reproduced
to bethe same where n ng Ss is called the superfluid
density ei theCookerpairdensity and es Ze for it the Cooperpair
density is proportional to the se got A and hence we get

a 1 112 Since A is related to the plasma frequency expression

for Cooper pair as Wp Xc therefore as if all Cooper

parr collectivity oscillates at the plasmafrequency at thespeed
of light with the wave length X
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The understanding of phase stiffness of Cooperpair and the
Josephson current Josephson experiment came after the Bes theory
we discuss this important effect now for the completeness of the
experimentalfact
Whereas an electron's velocity is determined by the groupvelocity

of it wavefunction the Cooperpair's velocity is defined by the

parity wavefunction The reason is that superconductivity
breaks the gangesymietry of the theory and all Cooperfairs
acquire a uniform and fixed phone in its wavefunction The

phone9 ofa war function and its amptide i probabilitydenity
or number of particles n follow the uncertainty principle

A N AO 7 42

Therefore as the phase becomes fixed in the Sc state the

number of Cooperpair in this state becomes arbitrary This is
like the bosonic situation but a Cooper fair is not quite a
boson as we will see later

In what follows as one tries to change thephase of
the Cooper fair in space with some perturbation such as

electric field the system tries to oppose it and as a result one

has a phase velocity which gives the persistent current
This can be understood as follows

TM warefunction of a Cooper pair
HI ei on a pet e i do off y eitoeib.ir



where Do in the phase coherence of the Sc state and f fr
is the phone momentum

Josephson showed that Cooper pair can tunnel
from one superconductor to another even with an insulator between
them

M iE
we understand this phenomena as follows SCI S e 2 are two
different samples of the same superconducting material As
we cool down them bolt becomes superconducting but despite
the twomaterial being the same they will condensate into some
phase d da which do not need tobe same Note that

I in fixed for the entire sci material and 92 the samefor
SC2 but I I 02 Therefore there will be momentum

generated between the superconductor as to 921
ta This generates a spontaneous current between the

two superconductors without any external potential even through
the insulator One can show that that the current called the

Josephson current oscillates with the phonedifference as

J Jo sin Q 92



1operProblm
Leon Cooper solved an interesting problem in 1956 a year before
the Bcs theory called the Cooper problem or Cooper instability we
learned in the fermi liquid chaffer that a fermi surface is stableto

any repulsive dimity dimity interactionthis'fiinstitithnot to be the
case for an attractive interaction as pointed out by Cooper Heshowed
that a fermi surface is unstable to any infinitesimally small
attractive interaction which results in a bound stat formation of two
electrons whathappen to the exclusionprinciple here It turnsout
that the single electron forcture breaks down here and one has a

many body state where any number of electron fair can occupy
as if the elections pair obey bosonic statistics In reality that
is not quite true as we will see in the Bcs theory but all
electronspair Cooper pair has the same microscopic global phase
and according to the uncertainty principle of AN 110742
since I 9 0 AN a and hence this new state can hostany
number of Cooperpairs Therefore this new state is often called
condensation of Cooper pairs

Ky

we imagine a given Fermisurface
in any

dimension at any fillingtutor Ék
Then we add two fest electrons subject

to an interaction Vert Fa between them

The two particle wavefunction is splitinto space and spinpartas

Ts s Cre v4 9Cri ro x.gs 3
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Since the interaction only depends on the relative coordinate we should

go to the centerof mass and relative coordinates as
R retro 2 I F I where theSchriding eq

decouples

Lforpt FI ri tres Q R air Eder pins

Cut 2m and Msm z are the total and reducedmasses The

centerof mass has no potential so it has the plane wave solution
ofCR K R The remaining Schrodinger equation is

f at tr't vers aus LE Ent airs e

The lowest energy corresponds to 4 0 in the indivial momentum

of the two particles are opposite to each other
The remaing part of the wave function is ri ra Xs ez Sincethe

total wave function must be antisymmetric now we have two

options spatial part symmetric 4 v 91 0 and spin part
anti symmetric ie a linght It 4T 2 Thisgives a s wave

spin eight saferconductor
spatial fact antisymmetric and spinpart symmetric

This gives f wave spin triplet superconductor

s wave a 9 p crane

t



Now given that the attractive potential in symmetric vers vers
and ethnically symmetric so these angular momentum statesare the

eigenstate of the Hamiltonian Also note that as the attractive
potential is maximum at ro u so the wavefunction must be

more localized at rt 0 Therefore the s wave spin eight wavefunction
mins here

We fowwer transform dirt On e it s

ran f ver e in
n

which diagonalize the Hamiltonian as

2 E E In I Uh On Ga

If we define A k 29 E Or SC gap Condensationenergy

or Cooper fair bound state energy then eq a turns into a

self consistent gap equation

ftp.n E.vnnijg 65

since E is the energy for the Cooperpairformation therefore a

Cooper pair board state exists if E C 2 Eu Now from ear 6b

RHS Ap O and hence this equation has a finite root for An if
the interaction Vaal is attractive tothese two electrons with energy
Eu Eu We often introduce this approximation for isotopic
interaction as
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we also introduce a s wave singht paining ie anisotropic

pairing Ant Ao Wilt there two approximations we obtain the

criterion for the formation of a Cooper fair boundstate on a
fermi sea as

11 vof.tn 175

this is analogous to the stoner criterion for fin and can be

called Cooper criterion for se instability

Now we can perform this integral exactly fora tight binding
band Eu having a finite bandwidth Keeping in mind the

attractive potential comes from the electron phonon coupling and that

phonon has a finite bandwidth upto which elections feel the
attractive interaction so we restrict on energy integration

ofto the phonon bandwidth BCS put the phonon bardnutt
cutoff to be the Debye frequency Np In thepresence case we

simply treat we as some energy eat off oftowhich the
interaction in attractive and above it v o

Now convert the momentum summation to momentum

integral In Sdeff S die de where does a the

density of states then we have

i v.fi E
O



As often we will assume the dimity of state is peaked at se
and replace dee a deep And also we are here interested in the
condensation energy for two elections added to a fermi sea ofmany
electors Therefore the integration extends from E sp to set twp
as the energy for otherelectrons for E o to E sp remain unchanged

So we obtain

1 rodeo ÉÉ

E2242WDéTt
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me
The first term 24 5 the energy ofthe fermi sea and the2nd
term in the condensation energy A We introduce the

superconductingcoupling constant X Vodese Then the Sc sup
at too is determined by three parameters WD Volo and

deer as

we notice that for any infinitesimally small as we have

a superconductivity CA 0 ie for any infinitesimally small
Co o attractive potential and for any finite carrier density

dese o er any metal of how low the carrier duty is
it is unstable to superconductivity



We started with two fest electrons added to a fermi sea
with a plane wave wave function This is equivalent to two
electrons taken out of a fermi sea but now they are subjected
to an attractive interaction we seethat they form a brand stat

The wave function of a bound state cannot be a plane wave

but has a decay part parameterized as e 49 where Eg
is called the Sc coherence lust Remarkably it turns out

that the coherence light
g n EE EE ri n 103104 A

in much larger than the interatomic distance Gherfore the

Cooperpairs are very robust in a metal



TheBestheory

Barden Cooperand Schrieffer BCS developed the microscopic

theory for superconductivity in 1957 They built on the Cooper's
work as discussed above and used the election phonon coupling
induced attractive potential that we obtained wring the andorder
perturbation theory before to develop a mean field theory

We start with the electron phonon confling mediated two

body interaction Hamiltonian that we derived before

H In a hot car Ing Van
ontoqto Giorocrew

aa

where

Up eat 190 qq.atiiywf Vee la

Cab
and Vee car is the Coulomb repulsion between electrons Using
TF screened coulomb interaction Vee a 459649,7 an

effective attractive interaction Vrilas 20 occurs when the electron

phonon coupling dominates over the repulsion term This happens

for elections close to the fermi turd with low entail E AND
when twp stands for the phonon bandwith which we often

denote by twp like the Debye tunes
ee

EwIt is customary to make the assumption
that
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Meafildtheory Based on the Cooper result we look for a
mean field order forthe two electron to form

a board state called the Cooper pair such that there is a
finite expectation value we assume a sight pairing with
Zero centerof mass momentum

Lysol Crt fits I 4s It 0 lo

where Nsa is the nentgroundstite wavefunction in the
Sc state Note that the Sc operparameter doesnot conserve
election number and the se wavefunction must be invariant for

any number of Cooper pair we know one such wave function

for boson which takes the coherent linear suposition of stoles

with any number of bosons We seek for such a wavefunction
hers in which two electrons of opposite momentum and
opposite spin can simple disappear is condense and the

wave function remains invariant Inspire by bosonic can
we think of a wave function as

14sof Y't I 4 bn I aint bub t o

HIIke 1M Ml Ike na

where ist term corresponds to no Cooperpair with probability
amplitude 19101 2nd term creates a cooler pair at k
by takingtwo electrons from k k k and form a board stale

and so on



be

The problem with this wave function is that

it has man soppy sage mmm y y
t

variational parameters to minimize
to obtain such a wave function Bes

assumed that the two Cooper pairs by bn are like

non interacting so that akid can be approximated as a product

of the two probability amplitude ni ahh an ant Then we

have two variational parameters 2h10 an'D which are

tradinally denoted by 4h Un ah On Then equal

can be expressed concisely as

IYpes IT hat on at Ent 107 deb

Next we apply the standard mean field theory that we shift
the operator bar with respect to its mean value in theabove

ground state as bk Lbk bn wherethe new operator bk

gives the fluctuation of bae with respect to its mean value er

the electrons releasedfrom the Cooper fair condensate
We substitute k's k and k't ar k in eq a Then

doing the mean field decomposition we get

H E EnGotCao VoEn Ctu t É built bn

I s Gotao VoEn th but Lba but Coats bi
O b4



Next we define the SC orderparameter

An In Van hbu
VoElba 42

Notice that for isotropic potential the k dependence onthe L AS

drops out This is consistent with our assumption of S wave pair

substituting the order parameter in to Hamiltonian we have
the mean field BCS Hamiltonian sometimes called

Bogo link or de hennes Bda Hamiltonian as

j
Although A dependence in An i dropped out for the 43
s wave pairing we have kept it for now for generality
The last term is the ground state energy of the so condensate The

tint two terms are the quasiparticle excitations thatcome out

from the superconducting groundstate



B linbordanalization

Now to obtain the eigenstates of theHamiltonian we play the
same trick we define a suitable spines write the Hamiltonian in
a matrix form in this spinor basis and diagonalize it In the

2nd term we have etc cc so toget a matrix form
we need to have a spinor which mixes of ct such a

spinor i called Nambu spinor

Yao Ei
Then we get Hu YulH1Ya

faEk An
Ant
ye

Ent Ant su

Notice that we set su became

explicitly this term corresponds to EnEn CE such Eat

The spinor has both election et and hot e stat much like
the Diracspinor So one would expect a particle hole symmetric

energy eigenstate Indeed the Sc Hamiltonian hasparticlehole symmetry

we can diagonalize this matrix as before and write the

eigenvectors in a similar canonical transformation form
we write

It h EuOz ReAn ox Im ARoy

whine on are Paulimatrices in the Mamba basis not to

think of them as spin 12 case



Then the eigenvalues of such a Hamiltonian gives

EE tFIaEIman2

Iftar t En 4

We denote the corresponding eigenvectors as

dnt i Qi n's

where we obtain chef it Ef on l EY est
with that Tnt 1 which comes from the normalization

Using the eigenvector we construct the unitary matrix

Un IiUh
which rotates the Nambu spinor into something called
Bogo linbor quarifartichs But 8 it which are

obtained as

I til
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Two importantpoints
a The Bogolinbor quasiparticles arise from the linear

superposition of an electron Ct and a hole c so

they are neither an election nor an hole and the charge of
this quenifarticle is not well defined and not integer as

in the care for election re and hole te The chaise

dimity of the Bogolinbor quasiparticleis defied as

Shp Mute t tuff e

unfair e

which can vanish when Mnl Mnl This can happen
when Ens o in at the Fermi bird Such a state
is called Major fermion

b Although one does include the spin index Tst in the
Bogolinbou quarifarticle but notice that on the R Its its
a linear superposition of 941 spins of electronsand
hole so the spin of the Bolotinbow quasiparticle is also
not well defined In fact one shouldnot include a
spin index in the Bogolinbox quariparticle state but
all books do and we hence keep the spin index

IW Is show that the Bogo inbox quanifantichs obey fermion
statistics
show thatthe Cooperpairs b u but do not obey fermionor
boson statistics but a spin 12 algebra Sometimes its
called the pseudospin
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The diagonal mean field Hamiltonian in

Hine E EE
OntoVno It 1a

v I f T I for 8kt tr
The superconducting quarifartich dispersion looks like

Here thegap

II t.tt a opens at all
2Ao

fermi momentum

EY I unlike in the
S DW case nehme

thtsupopens at
the mag BZ boundary

As before tho se gap has to be computed self consistently
became the gods enters in the wave function wilt which
the expectation value of the order parameter is also computed
from eq 2

A Yo I LEre Cat

Yo Ikot Rant Un Int Un Prt Ine

Yo Unit28ktOnt Unni Int Int
v52 Int 8tax t renren.int

Now LVp 8kt 28KI 817 0 as they do not conserve

quasiparticle numbers in the state
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Note that according to our definition Inti creates a

quasiparticle in the Eta band while 1kt create a quarifarlicle

in th EE En band Its actually a very confusing
notation chosen in the literature One couldlimply
define the two quasiparticle creation operators as 8kt for
the two bands Ent E En and the results would remain
the same
Then we get

A VoE Un ut f at cen
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This is the self consistent Bcs gap equation I Am in
a solution of Ado for a given value of Vod bandstructure
on then superconductivity occurs This equation is analogous
to the stones instability for FM and exactly evaluates
to the Cooper instability at T O where tanh BER 1

We can evaluate it exactly for the constant potential no in

the limit of Tao T To



The integral we need to do is

A Vof des de Ifan tanh Berta
a

The integral limit reduces from W to w as Vo so outside
the phonon frequency range since the integral in even in e we

reduce it to from o to we Also we assume the duty of states
of election is featureless in the range of was that we approximate
it as des dko so we get

A 2 didvofd gantanh Eta flagin

X dcovo so conflingconstant

Now we take two limits

T 0 B So we take tanh pre 1 Then we have

1 2 5ME dE xeagLYI FCIjI
x log Yt

Cine ca



Te Tc As O So we

I 2x f de the Be Ykata
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2x So'shens logn da t tanning logintown

SE lug E logicwolf log spende'E
Ehler constant I 0 577
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This in interesting that both A lot to to depends on Wpt

x in a similar way giving us a material independent
value of the Bcs ratio

ftp.t 2357I dad

The important message of equb Cad is that for any
infinitesimally small value of X I did No we have a finite
Sc got a a finite traneition temperalive This is to say
for any finite

election dimity at the fermi surface doo 0

in metal and for any finite rate of attractive potential volo



the Fermi surface is unstable to superconductivity

Near T 0 ACD decreases exponentially slowly as

as ACT I ACO e
A Ht Onthe otherhand near To ACD

dropsto zero with a vertical tangent approximately as

ACT 1 7411W I TITA withthe meanfield exponent

of 42

one can solve eq 1993 numerically and theplot looks as
ACD t A re A Kat

Ia
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