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History For a long time much before the modern science

people had evidence and wondered aboutwhat
are the most fundamental quantities andwhytheycome
in quanta f discrete values And what quantities can

take discretevalue Like energy momenta charge butnotmassetc
Greek thinker in 500 Be proposedthat matter is composedof
atoms and the name itself came from the Greek time

In the Egyptian time to Greek time people especially
the Alchemists measure volume of different elements
and they come in some multiples of discrete number
Boyle propose emperical retain of PY n RT here R NAke

for n mole idealgas inwhich NA numberofmoleculespermole
exists So all idealgasmadeof fundamental discreteparticles Kelvin

proposed atoms are topological vortices in theethermedium
in 1865 With the advent of experimental probes people
were ableto visualize whats inside an atom

After thediscovery of radioactive element Ruttertoldin194
showed that atoms are mostly empty wilt most of its

mass concentrated at the center It was Bohr who

eventually had the proposal of electrons circulating
the nucleus of positivechanges The charge and spins were
discovered by Thompson and stern herlack experiments bolt take

discrete values finally the ware properties of the elections
was proposed and measured bydouble slit experiment



Experiment with light also started long before
But earlier the apparatus did not hone the slit size
small enough to the order of magnitude of the lights
wavelength to probe single ware and hence its particle
like nature Newton infact had a proposal
that light is made of particles Perhaps he did not
have the same concept in mind that what we call

photon today But during that time otter experiments

showed interference f diffraction patterns which suggested the
ware nature of light The history of eithermedium

required for the ware to propagate is knownto everybody

In fact Lord Kelvin thought the knot structure in the
ether medium produced atom Thanks to Maxwell's equation's

inwhich he reconciled the electric and magnetic fields
he showed that there can be electromagnetic ware in

free space This was the key theory which helped abandon
the etherproposal By 1859 Kirchhoff and others found
a relation between wavelengthstemperaturewhich cannotbe explained

by classical statistical theory called black body radiation Then

photoelectric effect showeddiscreteenergyoflight Compton effect
and Raman effects were key for particle nature of light as
these experiments could be understood by scatteringofparticle's
theory in which momentum is transferred



I By 1859and later Kirchhoff and others made series of
experiments with light and found unusual dependence of
intensity wavelengthand temparative The black bodyradiation

continuousenergy spectrum of light Plancab had a proposal

k is called the Planck's constant Later on Einsteinwhoused
this hypothesis to explantphotoelectric effet Therefore theretwo
experiments suggest energy cometidamount like
packet of energy These two experiments are notyet enough
to assign each packetof energy to a particle Particledescription
would require momentum not necessarilymass stoush as we
knew from Einstein theoryof relativity

Xi Next came Cofton Ramanets where one observe scattering
like behaviorof light lattice vibrations which has momentum
transfer Now momentum transfer is not something that we usually
say for a wave rather for scattering betweenparticles A
notion of energypacket of waves behaving like particle startsto
emerge What is the momentum of thisparticle then DeBroglie

had a similar hypothesis although later but its more appropriate
to introduce here that the momentum of theparticle is
proportional to the inverse warthogthe wave and the

fkionfnstant.ua isfh therefore



the momentum is also discrete and comes inpacket Became

frequeey wavelength are related to each otherforplanewanes
as C Xv so a relation between E p is obtained as E be
This is not consistent with Newton's equation where E Mam but

this is consisted with relativity for masslessparticles so the

packet of energy and momentum of light and vibrations
are called photon phonon which are particles

Cii Sofar sogood But how about the interferenceand
diffraction pattern1 Mach Zender interferometer experiment

cat 9 was done with a beam of light spit into two beams
and then again the two beams are combined which then

show interference pattern with intensity being maximumand
zero at different location If we try to explain this in
terms of photon there is a problem Lets say the beamis
made of many many photons and in the beam halfof
the photon goes in one path and another half in the other

path But upon recombination of the two beams howcome

there is a distraction of the intensity whichwould mean the

photons are annihilated and its energy vanished Similarly
at the maxima of the intensity new photons are created

This does not actually makes sense there were some other

proposals by Einstein and others saying photons have some



hidden variable and degrees offreedom etc but those
theories did not hold longer The correct theory beginto
emerge isthat interference or rather differation in rather
made by a singlufhoton alone which is defined not

completely defined to be localized at a given position at a

given time like a classicalparticle but its like a

vector C to becalled state rector or wavefunction or

simply a function of space timeto begin our discussion

ie as a rector can be defined by too linearly
independent unit vectors in 2D with the componentsdenoting
how much the amplitude of the rector ispresentalongeach
unit rector Similarly we have learned from therector

space that a function can be expanded in terms of
linearly independent setof functions called recto space In
the above interfereru phenomena thephoton's dynamics

should still bedescribed by a wavefunction and when it

spits by the beam splitter into two it means we are

now expanding the wavefunction into two linearly
independent wavefunction's YEH I 4 dy e ca Ould

with the coethicent of expansion Cisco measuring the

probability of the photon being in the corresponding status

This means the same photon has finite probability of
being in tow beams states here 9 a interfere



This gives rise to the superposition forinufles and hence
a probatistio approach is dwe hone to
abandon the chterminisistic approach of classicalmechanic

Some people like Einstein agreed with the first
two probosals E hi p hly but did not agreewith

the superposition probabilistic approach Lateron with
electrons a similar Mach Keener experiment was

performed which is called double slit experiment and
a similar interference diffraction pattern was observed
In fact much later people have been able to
do the interference pattern with singlephotonfsingle

electionatatime which still shows the same
interference diffraction pattern but with much lower
intensity Therefore it is understood that the intensity in the

interference diffraction pattern count the number of photons
not the energy itself as ware theory propose this proves
the superposition probability or entanglement theory in
modern language to be correct



Citi similar journey was there inside theatoms wheresimple
classical mechanics could not explain the stability of oppositely
charge particles in an atom defying coulomb attraction

Also the discrete values of Eng absorption emission

point towards discrete nature of energy eigenvralus Bohr

postulated that the angularemomentum of electron in an orbit
is proportional to some integerand the proportionally constant

is It L h m 2 it when me integer Thufore the

f is also quantized Later on Stern Gerlachexperiment

also came by showing the spin angular momentum of
electron is quantized in half her unit of h as

S 442 am So quantization of energy angular momentum

of independent particles not photon is hence established

Ciii Double slit experiments with electron beam shows
interference father establishing the superposition probabilistic

interpretation of photon to hold too electrons so a

wave nature of particle is hence conjectured in the

reverse way of particle nativeof light was conjectured
I in both cases about energy momentum angularmomentum

quantization hypothesis constitute the Old Qin Gis in which
superposition principle is used to develop warefunction and it EOM
constitute the Modern QM



of the election and later on proton etc were discovered

tot manypeople like Dirac wondered why charge of a
particle takes discrete values and also why the particle holds

its value of charge In otherwords why the charge of aparticle
i conserved The same question people ask about election'sspin
after its discovery in stern herlack experiment that why electron's

spin takes discrete values Discrete values of somequantitiesand

they are beingconserved means time independent are very much
the same question Because during the creation ofthese particles they
assume some values of charge spin etc and theyhold on to those

values for ever And when theseparticles move it takes discrete
values of momenta energy for example when a charge particle

moves it creates electric magnetic fields and then when another

charge particles come nearby they interact the fields gets screened or

modified But the chargeoftheparticle remains the same Thisis
as if the particles adjustthe electric magnetic fields to keep

the charge fixed The same for spin Similarly inclassical
trajectory of motion the particle takes those trajectories which
are stationary least actionprinciple As we will see when

we draw the trajectory in a flare space in the Hamiltonian
formalism the trajectories in the space will be quantized to

take discreteenergy momenta ele So does orbitalangular momentum

in an orbit becomes quantized On the otherhand there are many
quantifies such as mass of theparticle electric magnetic

fields do not take discrete values and are also not
consented



Ijm quanties are quantized but others are not
what determines which quantity will be quantizedand conserserd

There is a symmetry principle behind it Recall theNoether's theorem

from classical mechanics space and time translationalsymmetries

of a Lagrangian demand momentum and energy respectively

are conserved Noether theorem does not give momentum or energy

Kntizedth.thatquemtumtheorgdoes.simitarly.am
solar momentum spinonared require

some symmetry Anglenmomentum correspond to rotational symmetry
in an orbit spin and charge quantization are purelyquantum

mechanical phenomena requiring the descriptionof a complex
Icon which as rotational andfascist'mmet Wecan
intuitively think of it as as He theory is invariant milt

any value of position time rotation phaseetc then the

trajectory of a particle make use ofthis liberty to adjust
the space time angle phone to keep their corresponding quantity



conserved Notice that the corresponding quantity is tr
canonical momentum or canonical variable such as space
translation correspond to momentum conseration ele The two

variables which are cannomically conjugate to each

other gives the Hamiltonian description which gives
the trajectory in the foam we will see that
behind all the discrete quanta nature of these quanties
there in a general principle that the phonespaceisnot
Eros stfnd of of area

h where h is called the Planck's constant and hasthe

dimension of fore It L O ri the phone space area

There is no fundamental principle or mechanics that we

can find out why the phone space is deisretized andwhy
we can not shirk the phone space to zero in why
h cannot go to hero But if we make this hypothesis or

assumption we can obtain all results that are consistent
with experiments Needless to say we can appreciate the

discrete nature of thephone space in the valuesofposition
momentum are such that for a h then we will see the

quantum behavior h 1023 At large lengthscale we

won't Lane to resontion to see the discrete nature of the
phone space and the trajectory will look continuous classical



What the above discritization of the phase space is also
suggestingisthat within a specific grid the theory is verymuch
invariant or the position momentum are not completely known
athast upto abwestpostsiblphapangridsiret
fox r h This leads to uncertainty in position momentum and
between any variable and its canonical conjugate variable whose

product is restricted by the minimum possible flare spare areat

We see that while in classicalmechanics we evaluate the

coordinates of particles in time x cts via some equationof
motion in quantum Theory we will introduce a complex
function y which is defined in spacefine ie Heart There
will be an equation of motion to describe the evolution of
the wave function called Schrodinger equation By this new
formalismof describing an equationofmotion via an

abstract function brings in newsymmetry associated wilt
He wavefunction Tinct such as phone gange symmetry
which was not present in the classical Noether theorem

Examples of these extra symmetries are plane gause symmty

giving charge conservation exchange symmetry duetoidentical

particles etc We will not be able to cover this entire
framework in QM 1 but by theend of QM 3 QFT course

you will have a full understanding of all these concepts



And becameof the underlying unartanty is thephone
space and since the theory will be defined by an abstract
Complex function 4 act which is not not even measurable
we need to abandon the deterministic approach and resort
to a probabilistic approach We will define a probability

densityS x in terms of the complex function Tent we finally
med a prescription to compute physical measurable

quantities from this probability density such as average
expectation value it n analogous but not the same
probabilistic approach was taken in the statistical mechanics

finally we need tomake sure the new theory we build

must reproduce all the other fundamental conservation

laws such as continuity equation of chargedensity
C probability density and current density probabilitycurrent

that we obtain for example from the Maxwells equation

Finally all the quantum theory must reproduce the
classical theory in the mathematical limit of Uto
as Bohr hypothesized This rule is called Bohr's

correspondence principle we will also see Iecasions that
the average expectation values of physical measublequantities
in some cones follow classicalequations Ehrenfest theorem



ReClassicalMechanics

O Newtonians This gives us an equation ofmotion to
solve for a particles'strajectory acts given we know itspast
immediately before in time to ht Because here we solve a second

order PDE which solves for n Itt e given we know NIE E NH

where E is infinitesimally small Wesolve the eq ofmotion for
each individualparticles milt by knowing all the forcesacting
on it

Ittf In the leastactionprinciple or the stating
stale solutions we know the initialand final positions n'A Into
and we define all possible trajectories definedby a Lagrangian
L n si and solve forthe stationary state trajectorywhich
minimizes the action S Jolt The

stationary state solution gives us the

equation of motion Kat Newtonpredicted

Noetherbtheorem Noether theorem

tells us that for every continuous symmetry there is a conserved

quantity Continuous symmetry means under a continuous

transformation the action remains invariant for example
under time translational symmetry the total energy er

Hamiltonian is consered for space translational symmetry the



momentum is conserved Under rotational symmetry angular
momentum is conserved Important these conserved

quantities are only consered on the stationarypath So

the particle moves on the path which conserve energy
momentum or angular momenta if the corresponding
symmetry is present This actuallyplays an important
role in all branches of physics

Halloran finagles The Hamiltonian E total energy
is a function of ni fi ri its defined in the

phase space x f Here we study the dynamics of the

particle in the phase space on a constant energy path

dat S ka dat poi H o

which gives the Hamiltonian equation of motion onemay
call it

Ep i bi

Yi

NL

V3



IssonBrack Det A B p It

d A A

when A doest nothaveany explicittime dependence ni d so

we have A A H

This gives
si ni it H j fi ti a He
ai Pj Si

This non vanishing Poission bracket between n p
implies that r b are no longer independent
variables but becomes related to each other as the

particle follows the equation of motion hast action

Principle

say energy constraint

space on a constantenergy

surface likethe red ng

hypershere If we hone
another conserved gu Ianmm
then the motion is further restricted to the crosssectionoffhe
two constant surface If A is conserved i ft o as A A 0

It B is also conserved is B H 0 Then A BY 0 Shon



Bohr Sommerfeld introduced a quantization
condition for a closed periodic motion of
particles in thephase space

p

fo p du n h

mama
Plack's constant having the dimension of PIED
C E J t LI ED ete the dimension ofthe

phase spacevolume Action Although the above

quantized orbit condition was introduced in an ad hoc

way we can try to make sense of it as follows
The action is

g fat pie H

Assume the particle has a period motion with a

time period of T Since the particle traverse in the
least action so we have 85 0 This implies

fo p seat f p doe
Jot dt A T E

where H E is assumed a constant of motion



The frequency V YT Then we get
E n E

d This says An Bohr Sommerfeld condition suggests that the

energy is quantized and its quantized in terms of frequency
G It also says that not all orbits in thephase spaceareallowed
but only those orbitswhoseenergyis integer multiple of hw
are allowed Considering the care of nel it is obvious

that the phone space volume element n Atar cannot be
made arbitrarily small but
the minimum phone space betweentwo

volume grid one can obtain r h

mm my
i i

true for any variable
and its conjugatevariable
is AE At At AL ete

4
y

This actuallyleads to the

famous Heisenberg Uncertainty principle that we will
see later

Iii att a given energy corresponding to a rake of n the

area under the curve is conserved and quantized and

one cannot continuously go from one orbit toanother



orbit The area is conserved but the shape of the
curve is not One can deform the closed fath
continuously as long as the area remains the same as

illustrated by the red line on n 3 orbit Themaximum
deformation allowed is Lah without changing the
orbit and hence without violating the quantization
condition Therefore the energy is allowed to fluctuate

upto AE 22h It or the time period is allowed to
fluctuate upto T L 24 AE This is called quantum
fluctuation which is allowed even at the stationary
solution This is another manifestation ofthe

intyfrifle
that we will keep coming in one

Mme discussions Thi m t di
This means the least

I action or stationarypath also
can fluctuate h actionhas

the dimension of h Or the minimum

action 85 that we set to be zero in
classical mechanics become n h in quantum mechanics

We however don't study quantum mechanics by an

extentionof theleast action principle but rather by an

equation of motion called Schrodinger equation The

action principle of quantum theory is called loathintegral
approach which you will learn in QM 3 or Qft



Feffreludetibri Modern Qin chapters

In classical mechanics we looked intoeach particles
coordinates ni t and study how nice evolves in time

by solving Newton's ear involving double time derivative

GM QM
Nuit by Ngr

N

t

j i
In quantum mechanics we change theperspective

Here we look at a general position n at a time t and
ask whats the probability of a particle to visit that
position at that time t Unlike in stat physics which
is also a probabilistic approach here we define the

probability via a complex function Yisect which
we will call wave function While n Ctl evolves by a

2nd derivative in time only Y Kit will evolve by a first
derivative in time but a 2nd drivative in space
this is true for non relativistic particles This equation

of motion for Y i called the Schrodinger eg Anything

we measure in QM is an expectation rake averageunder
this probabilitydistribution



In quantum mechanics we replace Poisson bracket
with commutator

QMCI
LIB A B BAA B

eB

ni p Si risk its
PB

ft h an

of it a It day i it A 8
PB

Heisenberg's
quantum Mechanics

we call A B H as

operators which
operates on functions

and give another

function

I



t.us 5 a

approach Although the approach is somewhatdifferent it is
worth looking at it Here also instead of looking at
individual particle's ni pi whichhas6Ndegreesoffreedom we

look at a position momentum and ask how many particle
visits that phase spacepoint p
we call that ensemble probability
density It denotes the of

particles da ont of totalmember ÉÉdtigi
N that visits the volume element

do at time t d scr b dr
s Prob density

Then since J dN N so we get f s de l

M

Therefore the total probability inside the entire volume
in 1

To Note that the minimum phone space volume in quantum
mechanics is h ie diode h so 17 K where

N total number of particles
att equilibrium Sea does not change in time This
means 41 0 Seq Hyp



So Seq H E is a function of energy or have a

Zero Poisson bracket If we have more conserved

quantities say angular momentum H and sea
hare a vanishing Poisson bracket with all the

conserved quantities J

Mattematicaltreatmentoffrobabilitfarerases

Let us say scat is a probabilitydensityof having
a particle visiting the interval set ne die at t

Then the total probability that the particle lies
between the interval a b is

b

PabltleSasexitdie

The total probability of that the particle lies
in the entire space is i

T.tn Normalization
a condition

we notice that side does not
have any time dependence



Therefore the time dependence of the probability
must follow a proper equation of motion inch that
the total probability in the entire space is zero In

otherwords we are assuming there is no source or

link to create and destroy particle in the entire space
In otherwords we are assuming the total numberof
particle is conserved If there was a source or

sink of particle there would be a divergence of
probability current I coming out in to the source sink
Therefore the above statement says the evolution of the
prob dimity follow the continuity equation

The average value of a measurement fese

wilt this probability distribution is
a

fess fca see doe

Fe g fer se Eck energy dimity put momdensity

The variance or standard deviation of the
measurement is

at ftp.fat a



mechanics we are going toIn

mighty density by the

amplitude of the ware function as

Scn t 146 E I
2
XENA Y G E

Then flyer t die 1

Lfew S MUD TAJ KIND d x
the normalization condition again puts a

restriction on the time evolution on cut such
that it always normalizes to 1 Do we get a
continuity equations of y Yes

T Since S n y't is the physical quantity so thephaseof

of y kl e'd can be arbitrary This is called a

gauge symmetry

HI
study www 8issondntiblyys



freafElectriciyanagnetism

Means II p
Ex B NOT I II
É II

my ayyy

Free space

I
8 12 v2 É o fields wise from the

I 8112 v25 o dynamics of charge
particles we get the
continuity equationsolutions ICED EcoD e

t WD

y
I 27 w 258 off F F 0

was k 2 C VX

Although here wareear continuity earsare for EM wave light and

for change particles but when we quantize a ware and define
particledensity s n yay it mustfollow the continuity equation

follows en a while 4 follows a equation such that it



5 Cat 4 4 e ik T WD e
i k F WD p so

the probability is constant everywhere This is however a

problem then The plane ware is oscillatory everywhere

and in spread over all time space So we need to

bake the ware within a certain range to be

a standing wave condition
IMI

This will be called warefactt

Note that plane ware to warepacket solution will be notbealonefor
photons but for otherparticles which experience some potential energy
Plane wane solution means solution of only kinetic energyand no potential

energy potential energy And to confinethe wave and create warepacket

HWI Derive wane equation and so thin
Derive continuity equation



ftp nmnyI
2d order PDE
Linear Algebra
Fourier transformation delta tn plane wave solutions

homogeneous

A second order linear a differential equation has two

linearly independent solutions Therefore any linear
combination

of the two solutions is also a solution of the 2ndorder PDE

F s ay Ey t t badday N t ca y d Nex

has two solutions Yi 442

Then Y x C Y x t CzYa x I alw a

solutions of the ODE as long as A B do not

depend on a I

Therefore when a classical mechanics has unique
solutions quantum mechanics can infrinufle have
infinite number of solutions thistcalled
snfepusitionfnps.fr course there are physical
boundary conditions and the normalization condition

f y de which put restrictions on R B



FourierTransformation

Fourier transformation is a special type of expansion of a
continuous differentiable function in asetof linearly independent
basis functions vector

space What is special about the Fourier

transformation is that the basisfunctions we choose are plane ware

basin e ik T WD yet E.tw
So 41kt ifftp.d n0ckngeikt

wD
g

where Q kN are called Fourier components or modesof tinct
The inverse Fourier transformation is

9 kin J d r at N my éiÉF wed
i

Identifying eiht w as the solutions of wave equations
we can interpret eq at as an integration over all

possible warerector k or wave length X and frequencies w

For dimensional reason some books multiplyby Va volumeofspace andother

books ignore In the lattercase d y havedifferentdimension Also some books

distribute thefactor att between the f t and the inverse FI as YEE
on both ear Its just a matterof conventionand one needstobeconsistent

To have thedimension of 4 9be same we need todivide bythe
dimension ofthe phase space Pr foreachspacetime wedivide by a constant

t 421T where h has the phonespace dimension called Planck's constant



We have already seen that the frequency of a ware

is related to its energy or E h D Kazan hw
for a given n So the Fourier transformation in

going from time to frequency domain is equivalent
to going from time to energy variableswhich are sort

of conserved variables to each other as we had learned

from Noether's theorem If the system has time translational

symmetry Hen energy is conserved Let us impose a

peridic boundary condition on time that Kitty
Y It where T Time period Then we find

from the right hand side that e
int c er

W T 2AM

on W 241 25h8

Then E t4 nh

Similarly heuristically we see that the position
variable have been Fourier transformed to all possible
wore rotors k inversewavelength So we can identify the
wave length wave vector by the conjugate variable to
the position ei the momentum fo This analogy
gives us the de Broglie's hypothesis that

p hip t k



TOne may also be able to derive the Bohr Sommerfeld
quantization condition but not very rigorously though
Suppose there is a peridic boundary condition on

the position space also Then on the

path momentum in function of front
PCT Then we want Y to return
to its initial value after a peridio
motion This is possible when

if Ken do if If.de
C 1

I fo Fu
di ant ftp.F

Notice that we did not talk about 9 kin therefore

this above discussion is not rigorous More careful
calculation requires puttingperiotic boundary condition
on q kin J

For it actually gives a hint on how to confine
a plane ware solution into a finite length volume
This can be done by choosing a functional formof
pChin inch that it peaks sharply at a particular



war rector momentumko and decays sharply as the

wave rector momenta deviates from this value This
reduces the contributions from those plane waves which
are far from Ro So 9 kin carries the weight
or contributions of each plane wares withdifferent
wavelength I wave rector momentum which are no

longer equal So 191 gives the probability distribution in
the momentum space while HT gives the probabilitydistributionin the real space yep

_t
t

i

suppose we want to confine the wavefunction Kid
within the limit of 42 to 112 Then from eyes its
clear that those plane waves with shorter wore length
X K I will have lesser contribution's like the red ward
while the larger wavelengths X L will hone much
highercontributions Became for confinement you want to
reduce the beating oscillations This is how kin will be
distributed

among all possible wavelengths for example if
Yen is completely localized at a position no ei tenser neg
then we have



Sla no Eg e ik in no e

in which Q k I therefore all wavelengths contribute

equally Therefore if theposition of 4 is completely kroon
its wavelength and hence momentum is completely unknown
On the otherhand if the function Yin is completely spread
out over the entire space then it can be describedby one

plane wave eiko henceonly 9 ko 8Ck ko Therefore its
momentum is completely known Therefore both position
and momentum cannot be known completely in this wavefunction

description of quantum theory This is related to Heisenberg
uncertainty principle

Can we get a bound on the uncertainty in bolt position
and momentum and similarly on energy time or

between any variable and its conjugate or Fourier
variable

Recall a Gaussian probability distribution

Sca Io e
t o

This distribution is normalized
gene de I
a



The
arergy La É Ser da no

The standarddeviation variance uncertainty in the
measured value of seo is

an Fini o p

KEw.twogtEd'distribution of particle's position inspace
centeringaround no 0 as an example we choosethe

ware function to be ignore the time dependence

Had Iggy
e

20
6

are set the complex phase ofthis function tobe
uniform and set it to be zero Became phonedoesnot

contribute to discussionsbelow

The probability distribution in real spaceis Sin Yi
The fourier transformation ofthe probability density in
the momentum space PCk from eira is

PCk I die see e
the

CA

Fa f e mo
i ke

die



Fo Fo e f k

e old k g

so we get a Gaussian probability centering around
k o and variance ok I I afternormalizing

pch

So Lk 0 aÉ or If ya

So from car we get

A K AR T

Party
I hk

Recalling the Heisenberg uncertainty principles
that An Ap his which we have not yet
discussed we find that a Gaussian
ware packet corresponds to equal uncertainty
in both position and momentum space
The Gaussian ware packet has the host and

equal uncertainty in bolt position and momentum

space On the contrary the 8 function wore packet
has no uncertainty in position but infinite
uncertainty in momentum The plane were



solution has no uncertainly in the momentum
but infinite uncertainty in the position space

heneraliting the above analysis to any variable
O t and itsconjugate variable L E we can

obtain the uncertainty relation
AE At 7 4 2

11 AG7 h 2

T Then also the fact that G P 240 hare
a Poisson bracket which we will convertto commutator

as we will go to QM Then the uncertainty relations

is evidently related to the Poisson Bracket
At An 2,1114 I LEADS J

It W conider sexy n e leg and find
Ln An

H W PCD sexy e
iknow f y ca y ed e ik die11 FI

Jder IcahnEs v

fdg peg e
ink



Wenatryanandnatyfleyby
To be discussed before introducingmatrix

quantum mechanics Heisenberg Representation



History8ExperimentalEvidenceofQuantizatin

A Light is Particles
B Atom have discrete orbits
C Particles Electrons are wave

AD BlackBodyRadiation
fransden

C

Abackbody isdefined by abody
which absorbs all the radiant energyJÉfggÉ
it its absorption efficient is unity at all wavelength
Its emissivepower power emittedper unit area at a given
wavelength is same as its absorptionpower ni unity
The black body radiation is a universal but idealized

property G R Kirchhoff studiedthisproperty between 1859
1862 and gave the name black body radiation

Quantum mechanics had its begiing in the study of
black body radiation Consider an enclosure whosewalls

are kept at a temp T and suppose that the energy volume

of radiation lying in the wavelength range a to a e da is

Sca t da The meanned distributions of S ait in the

wavelength space is shown in the picture



ii

R J classical

Classicalestatitical lctromagnetitheory

John W Strutt followed by Lord Rayleigh James Jeans between

1900 1905 wrote series of paperto fathered tribution

curve The idea was that we have the ware equations

that we saw before wilt plane ware solution's either wet

where all wavenumber k and frequencies w are allowed
in general But now as we confinethe electromagnetic radiation
in a cavity lets consider a cube ofhight L fortimficity
the plane wares form standing waves Now only those
waves are allowed which follow the peridic boundary



condition that eik e
k t

along all three

directions This gives elk as k 2AM L where

N is the integer This gives a discrete spectrum of marching
X Yn and hence frequency v 4 a CMe
But we attune 1 I n that the spectrum is almost
continuous Then we just need to know how many inch
modes lie in the range x to aedy in the density of
wavelengths N x is defined as m

4ANdn

9
mad 2 4 Idn

n
g possibletomato

m nenitnitz
SA YEthada

Egg da D since themodes are
excited equalsalong
all threedirectionsso NH

per unit volume 5 1

Now each mode carries enemy ETI as obtained
from the equipartition principles that each for K E R

potential energy

Thorne IFith
The Rayleigh Jeans R J result gives a goodfitting
to the experimental data at long wavelength limit



which we will refer to the classical limit But
experiment shows a maximum peak in the visible
frequency range tooHe studied temperature and then
it drops to zero in the Uv region and thus having
no radiation Bat the R J formula rather diverse
at Xt o which is known as the Ultraviolet

catastrope

Planckisquantumtheory
While R J obtained quantized wavelength frequency

although the above calculation used its continuum limit but
the same result canbe obtained by assumingdiscretewavelength
frequencies ButkeyassumedcontinuousenergyspeckumD

Although we gave a hand waving argument from the last

action principle that frequency energy can be relatedto

each other via a multiplicative factorofth dimension of
the action but during that time such a relation
did not exist Planckwas the first person in 1900to
propose that for every discrete radiation mode the

energy is also quantized.Theenergyrfrequemy

relationwaby Planck was

if a



where h universal constant called Planck's constant

and has the dimension ofthe action i Ch s

E t CPJ D COED The valueof h that we
Know now is h 6 62618 10

34 J S

Then the average energy per mode canbe deduced is

Eso En e Ben

I
feint

B l kist

En hgh nGo

dap log 7 to E
É 3 E Partition function

I e BnEo

Eat
Then we set

fly t NCI É
D es8 etat

This formula in egg matches very well withthe experiments

in all wavelength region

Not that the R T classical theory matches well at



long wavelength limit Show that the Planck's quantum
theory reaches to classical limit as a a Infact
Bohr proposed that whateverquantum theory one

obtains should reproduce the classicaltheory as ha o

This is called the CorrespondancePrinaft

The physical reason behind it as follows The

energy separation between the discrete energy bird is
he e n help Therefore as h o or as a one

approachestowards the continuum of energy levels and
one approaches towards the classical regime

At a given temperature T the approximate thermal

energy is kBT Therefore a quantum regime is reached

when Kat LW he Ix such that the thermalfluctuation
is less them the discrete energy luck As Kat 77 held

the thermal fluctuation smears out the distinct energy
herds and one obtains classical limit The peak in
8CX it corresponding to the transition from quantum to
classical regime is roughly obtained at

Katrhey

I II compile Radiation pressure specificheat of the
Black body Radiation



Planck's proposal of quantization of energy was
ad hoc and was not accepted easily But the

idea was correct and with the development of modern
quantum theory we have verified the quantization of
energy

In the above black body radiation theory the source
of quantization of the radiation was the peridic boundary
condition dueto confinement in a cavityThen Planck
proposed a linear relation between energy fregong
Since wavelength frequency is quantized due toperiodic

boundary condition and hence energy is quantized

In contrast Einstein proposed in 1905 toexplain

the ware equation is always quantized
i

even in a free space without confinement Therefore

continuous values of k o but discrete values ofb v
and hence energy He did not derive any relation

but only used Planck's proposal of E hi but
wed discrete values of v even in free space to

explain the photoelectric effect The minimum



value of V denoting as so in the most

fundamentalfrequency Theycalled it Inscles or quanta
of light which was later renamed as photon
This is like a fundamental elementary relativistic

particle of energy E hi but no rest mass

Forge hamon later remarked that radiation is like
butter became even though butter itself comes in any
quantity but it can be bought r sold only inmultiples

of one quarter pound



LAB defect

Fisa

IV

Reg2b Fisk

Hertz in 1887 and Lenard in caoo used the setup shownin

fig a They found that charge particles which we

later know to be electrons are emitted from metalsurface
when radiated with high frequency Uv ranges lights
This phenomena in called the photo electriceflect the
emitted electrons from the photocathode is collected at the
anode plate and a circuit is completed to measure the

currentLII In addition a battery is added to maintain



a voltagelydifference between the cathode and anode The

voltage difference in siren in reverse direction to repel
the election ejected from photocathode so that only
elections with higher kinetic energy can reach the

anode Therefore only those electron's whose K E inhigher
then ell le chargeof election will reach the anode
its V Lo is increased in magnitude less and less
election reach the anode and then it stops at a voltage
Vo This is called the stopping voltage see fig 2b
So the maximum K E of the emitted election is

Fmay I mumay ex C

surprisinglyfound that the stabbing energy is

indefendendent of the intensity of light from
classical wave theory we expect that the energy of
light is proportional to its intensity and more energy of

light means more k E of ejected election But the
result says the K E of photoelectron is independent of
the intensity of light Higher light intercity only ejects more
electrons of sameenergy we are only focussing on

highest K E election which presumably resided on the surface

The other lower energy electrons come from inside thematerial



On the contrary as shown in fig 2C as the frequency

ofthe light is changed with the same intensity the
stopping potential f Vo changes linearlywith 0 but the

saturated current remains the same therein a thread

frequency Vt below which no photoelectron is ejected irrespective

of intercity long time exposure oflight
So

Thefhighest K B of Vo electron Ema V freeroflimb

The of photoelectron Intensity of light

According to classical ware theory is photoelectric

effect should occur for any frequencyof light provided
its intensity is large enough and the exposure time is long
enough to provide sufficient energy to eject an electron j

Einstein generalized Planck's idea of energy quantization
in a black body cavity to Hae quantization of energyof
electromagnetic plane waves even in free space i

F her he X

where the discrete frequencies V are integer

multiple of some minimum frequency o as

V E h Vo



The origin of the minimum energy Vo and the other

quantum number n was not provided by Einstein but
he argued that lightis made of particles with each
particle carries an energy Wo These particles
hone no rest mass There farticles are called photo

attthough the photoelectric effectprovides a compelling
evidence of the corpuscular theory of light it must

not be forgotten that 16 existenceof diffraction
interference phenomena demonstrate the ware nature of
light This dual nature of light which we shall
see soon for electron also is incompatible with classical

theory



CAI Comptonetect

After the discoveryof X ray by W K Rontgen in 1895
a revolution in the interaction between lightrelation in matter
become possible Became X ray wavelength A sameorderofatomicradius

Fig figs

Unlike the photoelectric effectof light in electron ont Compton
made a measurement setup to Lone light in and light
ont after scattering with atoms election in Graphite The

incident light has a fixed wavelength of X the outgoinglight
has two peaks one at X and another at X A The

splitting between the two peaks become sharp with increasing
detector angle as shown in fig Bb

Accordingto classical watery of light the incident
plane wave willbe incident on rest electrons The electionwill

then start oscillating with the same frequency and therefore
radiate back the electromagnetic wave at the same frequency

So the wave theory will explain the presenceof apeak at



the incident wavelength X The secondpeak cannot be
explained by the wave theory

Taking clue from the fact that the wavelength ofthe
secondpeak depends on angle t Compton thought

about the similarity with scattering between twoparticles

Bythis time Einstein's two papers on lightasphoton and
particle at the speed of light follows relativistic relation were
already published Compton considered photon as relativistic

particle whose energy is E TETE with its rest
mass m o So E too Then the energy is quantized
to E hi so p 4 a

whichgives a relation between wavelength with the momentum

of a particle which will be equivalent to the deBroglie
wavelength a of a particle like election Then wings
momentum and energy conservation at the scattering
between photon and election one easily obtain the
relation

pp.tntwslf H

The existence ofthe unmodified wavelength X is duetothe

Scatteringof the lightwith core electrons tightlyboundtoatoms
HW Derive eq



THeisenberg Microscope Hypothetical and an invitation to
his uncertainly Pringle

The Compton effect was possible due to the discovery of
X ray became X ray has high frequency and wavelength
which are in the same orderof magnitude ofelections

energy in atom and the radium of atoms or interatomic

distance in solid n A Visible light has frequeny
smaller than even the looselyboard electrons and thisonly
shows one wavelength peak at x On the otherhand 8 ray
only show the shifted peak at a became its energy is

very large compared to the core electron's
energy

The relation between p a in ages and the inability to
scatter the free election at any wavelength gives an
hypothetical intuition to the inability to measure bolt for
position of a particle simultaneously with arbitraryprecision
Although the uncertaintyprinciple is more fundamental to

the quantum theory as discussed briefly above and has

nothing to do whether the measurement is done with a
certain wavelength of light or not but many books
discuss it as if Itn measurement isdone with light
Some people also refer to it as HeisenbergMicroscope



The relation to htx seems to impose a restriction on

the simultaneous measurement to a n of a particle atleast

if themeasurement is done with light The argumentis
as follows To measure the particle at a position a with
its accuracy In we need a light of wavelength as Aa
But the photon at this wavelength X carries momenta f th
which during the measurement is transferred to theparticle
So now the farticle's momentum has changed by Alon Hase
So the orderof magnitude calculation gives

A n Ap n h the lowerboard on uncertainly



Aa RamanEffect 1928 while compton scattering
is elastic scattering between photon and electron Raman
also obsered the presence of inelastic scattering with reduced

intensityofoutgoinglight Intaman scattering mechanics
the outgoing light has different energy than the incident

light in which the photon gains or looses energy to the
atom molecule It was explained subsequirly that the
balanced energy and alsomomentum in some cases

are absorbed I emitted by the vibration of the atom
molecule This means not only electromagnet waves
but the vibrational waves like sound ward is also

called phonons
quantized We will solve this problem in great
details that the atomic vibrations which are like
balls attached by spring home discrete set of
frequencies and energy and this is one of the easiest
but most fundamental building block of quantum
mechanics

Ew Assuming E 9 112 hr for vibrational spectrum
obtain the sext vs a relation and the specific heat
of this system



B Atomic spectra and the Bohr model of Hydrogen
atom
Asearly as 1725 T Melvill and subsequentlymanyothers
showed that the emission and absorption line spectraof
atoms are same and discrete They are called emission
lines Bytheworkof Balmer in 1885 followedby Rydbergin
1889 and so on it was realized these emission absorption
lines have a regular pattern as seen in fig da

Figs

All these lines can be reproduced by Balmer Rydberg
formula

Has Raf te te es
when Rit Rydberg constant 109677.58 Cmt

N a 1 2

M b 2 3

and tab is the wavelength of either emission orabsorption
lines



The existenceof atomic line spectra as shown in fig ta
which exhibit regularities cannot be explained by modelsof
atomic structure based on classicalJohnes Neils Bohr in
1913 proposed the idea of quantized circular orbit with
quantized energy in hydrogen atom to explain the above
pheno mean is considered an introduction to quantumtheory

for elections

Model of Nucleus During this time Rutherford in 1911
showed by scattering of atoms through allherparticle HE
that atom is mostly empty Its all thepositive charge and almost

all its mass is concentrated in the nucleus or 10 m

which is much smaller than the atomic size n co m

n 1911 Geiger Marsden reproduced this observation Then

the electrons are circulating around the nucleus like a

planetary motion by virtue ofthe coulombattraction But
unlike stable planetary motion of neutral particle the
rotation of charge particle in a closed hoof is accelerating
and hence the produced magnetic field at the center
is time dependent from Maxwell's equations we saw that

this will produce electromagnetic wave which will
take away the energy Therefore electron will energyand

eventually fall back to the nucleus So atom will notbystable



Bobbudloftydrogenatory

To explain the above discrete atomic spectrum and Rutherford's
observation of orbital motion of election Bohr in 1913 used the
idea of Planck's Einstein's model of quantized energy in
each orbit Bohr proposed that the energy of elections in anorbit
is quantized Unlike Planck Einstein Bohr did not start
with an assumption that energy is quantized but rather

he startedwith an assumption than orbitnlangulue tumin
a circular motion is quantized from there hederivedhow

Energized
T we can rederive the Bohr's quantization formula starting
from the classical mechanics least action principle and
the Bohr Sommerfeld's quantization condition Recall from
the Noether's theorem that if the system is rotationally
invariant then the orbital angular momentum L is

conserved We just have to show that the angularmomentum
in conserved not to any value but onlydiscrete valuesof
h As we often write an action in n p phonespace
coordinates which are conjugate to each other and to is the
conserved quantity of translational symmetry for the same

argument one can as well write the theory in the

polar coordinates and its conjugate variables assuming



that the motion is fixed circle i we can assume the

motion is fixed on a constantradius in any dimension
Then in 3D the motion is described described by three
Euler angles Ox Oy Oz for rotations w r t x y taxes

The
corresponding

consered conjugate variables are Lx LyLz
In realityhaving the motion constraint on a constantradius

sphere the tree independent racially reduces to a two

independent angles This also makes among Lx Ly Lz only
two are related to each other Their relation is denoted

by a commutator in QM La lyJ it and its

cydic relation we will here ignore this complication
and only assume a 2D circular motion denotedby 0
and the corresponding angular momentum is L J

Then via analogy we can write the action
as

s fat Li Hia D y

and the Bohr Sommerfeld quantization in the corresponding
phone space of L H as

l do n h a

compare with S J at pie HG b foodn nd



Then
assuming

H L beingconserved ie I A 1 0

we obtain
It at fo c o dt fo c do

L fodo L 25

Lent ta Har

H fat Ht n h where t timeperiod

We now need to compute T

Since Coulombforce is the only force giving the centripetalaccelerator

Mr we obtain
1,11 MI

Fromeyes L mor at

Using egg we get v EEEIn or Émtn

Then the time period is T
2 2514 ti En

Then from eg a we get

PtEEI
2 123 a

Remember that the integer n in the Bohr's theory has a

proper justification Its the orbital angular momentum of



qaeh orbit This is called the principle quantum number
For reproduces the Balmer Rutherford formula and gives a

very good estimate ofthe Rutherford constant kit The correction
from circular to elliptic orbit save a betteragreementto the
value of Rit

TheBohrlorrespondenaPrinaft Bohr proposedthat
a quantum theory can be considered a valid theory is
one can take it tothe classical limit by Elaine h 20
andfor the energy separation between the discrete levels

is small compared to some other energy scale like RBI
which should reproduce the classical result

HW By taking me a limit show Hat theBorhb
result reproduces the result of a classical orbit



IBohrSommerfeldQuanthoinondition

It was actually sommerfeld in 1916 derived the quantization

condition in which he generalized the Bohr's quantitativecondition

for circular orbit to an elliptic orbit in which the energies are

quantized Sommerfeld's condition was that in a system

described by a Hamiltonian HCf ie with several
coordinates n i cannonical conjugates bi satisfying the
Hamilton's equations Ii 040ki ti 0 10no of all
ni e ti have a periodic time dependence as form closed

orbits then for each e we hone

ki d ni hi h with Mi E Z Cintegers

The integral is taken over one period of the motion
This relation generalizes to any general

coordinate e.g Oi

and its conjugate variable Li as

Li do i e ni h

As we also argued that the beast action principle dictates
that the energy time quantization condition is hence
obtained as

tacni pi dt nh

this approach in limited and only applies to peridic
motion whereas quantum theory in general to all trajectories



Measurement of energy1 tytb.tt
gfCattod

VF Va

In 1914 J Franck and h Hertz directly measured the

energy quantization of atoms without using light Therefore
it was proved that the quantizationof atomic orbits has nothing
to do with the quantization of light
In an evacuated tube electrons are ejected from a heated

cathode and accelerated towards a wine grid maintained at a
positive potential V w v tothe cathode Theelectronsgain K E

I mu eve The elections are then collected bya flat causing a
current I The collecting plate is maintained at a potential Va
Valve the accelerating voltage Ave ve ra The tubeis



then filled with mercury gas The accelerated election

collide elastically with the mercury atom became mercury
is heavy But when the electrons energy ar matches

exactly with an orbital energy of the Itg atom it can
loose its energyto the Ag

atoms via elastic scattering The

observed current is voltage profile shows dips at the

energy intervals which matches withthe atomic energy
levels predicted by Bohr for Hg



InsitiimtientingP

O Stern W Gerlach in 1922 made an experimental setupto

verify the quantization of angular momentum that Bohr
proposed The Inglett election is like a

magnetic dipole magnet became its the chargeparticle which
is rotating in a circle producing a magnetic field at thecenter
The orbit magnetic moment

I a Em I when I Ixp
If a magnetic dipole it isplaced under a magnetic field
B the potential energy due to the interaction is U E T B

The torque I MxB and anet force is I F v

Dre to variation of the magnetic field the Force is acquired
to be fit Me Iyo i n n t for an uniform magnetic

field there is however no force since IT is uniformThenthe



magnetic dipole processes with a constant angular frequency
We MfB called Larmor angularfrequency With inhomogenous

magnetic field the atoms can be defected dueto its magnetic
moment and hence we can measure It

Withthis principle Stern herlack in 1921 buildthe
above setup to pass beams ofelectrons through an inhomogeneous

magnetic field In the incidentbeam thedirectionof the
magnetic moment IT ofelectrons is random and alongthe
Z direction one would obtain value in the range MMam
So in the detecting plate the atoms would spread over

continuously The surprising result that stern 4 Gerlach
obtained as shown in figabove that twodistind separate
and symmetric around zero deflection line are present
The same result was obtained inmany elements

According to Bohr's model I n t where n o 44

The maximum value of Lz tht and its minimum value

taking let values Therefore one would expectKley

rather found two spots which corresponds to 1 112
not even integer



In 1925 S Goudsmit and G E Uhlenbeck analyzed
the splitting of atomic spectral lines occurring in a magnetic

field Zeeman effect Theyproposed that thesplitting of
the spectral lines into two can be explained if the
electrons possess intricsic angular momentum ei fin
Wilt analogy to the relations between M E one writes

expresses the internal magnetic momentum into a spin
angular momentum as

g s t Is gsme where

MB Em in the Bohr magnetic and gs is a

proportionality constant called gyromagnetic ratio tofix
the value of Sz I la as seen in Stern her lack

experiment Therefore the total angularmomentum of
spin is

1r
M Etgs

The quantization of the spin ofthe election to 12
so that it explains the two peaks feature within the

formula of see multiplicity has no explanation
from classical mechanics and is a purely quantum
mechanical effect In fact no one knows its origin but
the consequence of honing Ya spin and a fold multiplicity
has importantquantum mechanical consequence that distinguishes
election from photon fphonon and are called fermions



CdElectronsare waves

So far we have been collecting evidence of light behaving
like a particle with a quanta of energy hvo and

momenta to h IX II We have also seen fromblack

body radiation that the particle bike quantum mechanical
behavior is appreciable as we go tothe high frequencycry
and shut wavelength limit There is no hard and fast
rule of when a quantum mechanical scale appears Its all

depends on the other energy and lengthscales of our
system measurements for example the discrete energyspacing
hVo should be large enough compared to He energy
resolution ofthe instrument or larger than the thermal
fluctuation knot so that we can probe the ahicult energy
levels Similarly the wavelength 9 should the small enough
Nh to be able to probe the momentum oftheparticle
with high accuracy Otherwise the particles are moving
very fast and the error in measurement Ab can be very
large and then I b I se S h and hence we are

far from the Ian turn limit

Ananalogy would be a fan When a fan rotates onhigh
speed we dont see its discrete blades Bnt at lowspeed
we see theme



W I J

DeBrogliettspothesis

It turnsout the reverse iswho true What we call a particle

in classical physics also behaves as wave it we go to the

lightscale 10 m Became the waves are very short wave

lengths In co n and very high frequency Therefore unless wehave

a right experimental setup with light with small wavelength

Comparable to the wavelengthoftheparticle an that we are not

atsufficiently low temperature such that the thermal
energy knot is comparable or lessthem the energy separation
between the discrete energy levels we dont see them
Bohr Sommerfeld's proposal of quantization of election's

energy and angular momentum in aperidic motion
But such a quantization and wave nature exists for
all particles just its wavelength is very short and

ng frequency in very high
This is shown as in thefig below

i
L

zoom in zoom in further

Any classicaltrajectory zoom into to lengthscale it m
Ware nature is visible



The above schematic figure illustrate thisprocess We take

any arbitrary classical trajectory and zoom into the length
scale or 10 10m we will find an oscillatory nature of the
trajectory The above illustration is only for a perichic behavior

of a in t as n Ctl n e
Nt
where w is very very fast

causing rapid oscillation of the particle The corresponding wavelength
is defined in theposition is also small But to define a

proper wavelength we need a function Mact todenote the

trajectory both in space a time thats a reason we adopt
wave function description of the trajectory

Before we discuss the origin ofthis underlying wave nature of
all trajectories let us comment on the possible values of the
wavelengths uts we said earlier any continuous also some
discrete differentiable function Ulrit can be expandedin the

plane wave basis elk't we with proper coefficients 9 kin
The coeffients carry the information about the weight probably

I contributions from each plane wave components of wavenumber
k 247 Its orbions that smother the function Kait in
space se lesser the contributions from higher wavelengthsX

are A completely oscillatory classicalfath like a Harmonic

oscillator has a welldefined wavelength so a ware nature

is evident On the contrary a completely localizedparticle



a delta function wave function has equalcontributions

from all wavelengths

What the origin of the underlying wave nature ofthe
particle's trajectories atthough mathematically it makes
perfect sense due to the Fourier transformation of any
function All equations of motions which are translationally
invariant can have fourier transformation but the

physical origin is not completely known We can however
discuss whats the physical implications of the underlying
wave nature of particles

We know that the particles trajectories are fully
defined in a phase space But then in a phase space the

degrees of freedom for x are not completely indeferent
I unlike linearly independentposition variables butthey
are related to each other by the Poisson bracket
You may think of it as everytime we make an infinisimal
change in me there is a change in p contraints bythe Poisson
bracket unless p in a conserved quantity in which cane the
translation in n is generated by the momentumonlyJ
The change is in inch a way that after certain time
and position the trajectory make n rotation in the

phase space about an area h or covers nh area in the



phase space In other

words the thn space
smut Écannot be shrink
m Éarbitrarilyto hero area grid

area inthere is a minimum
a share

gain t tarea ofthe phone space
which is n h So thephone span is discrete such that
the wavelength of the Fouriermodes cannot taken all the

way to zero In principle we should be doing a discrete
Fourier transformations by considering all the discrete

wavelengths separated by X 10 Therefore the shortest

wavelength possible for a particle with momentump
is

17 47 e

This is the de Broglie wavelength which measures the

distance the particle travels with momentum for it to
Sweep one bit of phone space area to The corresponding

frequency is V I IT The quantum of energyis
E hi 1 2M for non relativistic particles for relativistic

particle we hone choose E to hv where c xu This

condition also makes the trajectory in Erst phone space
discrete as Stadt Et h



The discrete nature ofthe phase space also fonts restrictions
on how the derivatives in the Hamiltonian principles
are defined N Is t 8ft The derivative

rule says
I s him Hattin

But the fact that bolt limit Af An cannot be

taken simultaneously to hero rather their limits
here to be restricted to the minimum area of
Ap Ar r h



DIEM Can we measure the wave

nature of a particle trajectory
Ans Ofcourse We hone to build a setup which will be

sensitive to the wavelength a hip and then the
interference and diffraction patterns are observables

So we construct the double slit experiment with slit
size d X Hlo in analogy with Mach Zehnder interferro
meter used for light
For the case of a plane
wave of light whencoherent

light is shined on a

double slit as shownhere
the plane ware split into
two and then they start

interfering with each other

and produce an Figs

alternating bright and
dark patterns on the screen we have done this experiment

with light and also showed that such a beviour

can only be explained by the wave nature of the light
which is describle by a complex function having an

amplitude and phase At the two slits the wine

has split into two with equal amplitude but acquire



differentphases determined by the path differences
between the two light rays

Let us imagine doingthe same experiment with particles
with equal momenta tanned with the slit sized such
that pd n h

Fig2iclassicalpicture

Classical picture expectation from classical phasisbutnot
observed

Let us first discuss what do we expect if the particles are
not wave Then the particle can either go through the slit

I with a probability P or the probability of going through

slits is Pa Without any bias P Pa but we keep them

different for generality Then eachprobability distribution

most likely will be gaussian will have the shape as

shown in fig 2 Then the total probability intensity
distribution of particles collected by the detector will be



Piz P t Pa C

as shown in fig 2 Cos

Fig Aberration

l

y

iii _ran.am
in fig 3 cc The observedfeature cannot be explained by

simply adding the probability of passingthrough each
slit but by adding the complex waves 9 92 fromthe
two stilt died and then taking its amplitude itdat

This isthe same theory we used to light to explain
its diffraction So particles is trajectories are madeof
many many short wave length woncs

If we are two detectors one onlydetects particles from 1 otherfrom2

we will observe fig 3by But a single detector with observe

fig 3



DiffractionisInterferen Are we observing the interference
patters of two different waves associated with twodifferent
particles election orphoton or are we observingthediffraction

patterns of a single wave a single etchon orphoton which

split by the twoslits and then diffracts due to thephone
difference 2

Ins If it was interference we will see fig Bb for

diffraction we see fig bad

To verify it we have to keep reducingthe intensityof
the incidentparticle until at any instant of time there
is only one particle comingout and going through bolt
slits and then being detected Then the 2nd particle is

fired from the source This was demonstratedoriginally
in 1909 by G I Taylor whophotographed thediffraction
pattern formed by the shadow of a needle usinga very
weak source such that the exposures lasted formonths It

can be concluded that inferenence between two distinct
particles wave do not happen but a property of a

single particle More recently in 1989 this experimentwas

confirmed by A Aspect P Grangier and h Roger for
photon and for electrons by A To nomura T Endo
T Matsuda T Kawasaki H Ezawa in 1989



It should be noted that is one slit is dosed in a

double slit experiment the diffraction pattern disappears
So when both slits are open one

may infer that the
particle's ware had used bolt shts and created the

this is what people My 3imply when they say
the particle is not
localized at one

place but hers finite probability of being everywhere
Its more of particle not having a well defined
single line trajectory bat made of wares of single
or many wavelengths As the ate and distancebetween

the slits are of the order of p we can probe thire
shoot wavelength wares associated with the particle



Probabatistic sperfositionInterpretatonnn

hetas return tothe probabilistic interpretation ofthe above

diffraction patternof particles As the particle approach the
two slits and having the wavelengthof the particle comparable
to the distance between the twoslits the particle is now exposed

to two possibilities wilt equal or different probabilities to

pass through In otherwords the double slit instrument

offers two distinct status to the particle orthe outgoing
particle has two distinct status and the total wavefunction
is a linear superposition of the twodistinctstatus9,49
M

yay g dat Cz 924

where e f ca are the crefficints or probability amplitude
associated wilt two slits we absorb area within 9292

Egacan be interpretated as a linear superposition of two
distinct possible status of the particle implying that the
particle have finite probability of being in any one
of the state If slit 2 a closed then ez 04 eel

and vice versa

In this description assinging a wavefunction with a



particle trajectory means we are adopting a probabilistic

approach So atwhatpositionparticle will bedetected on the screen
can notbedefinitely ascertained but we can only evaluate
the probability of detecting at a position Pex By
probabity we mean the number of times that theparticle
will be detected at n divided by the total numberof
measurements The intensity of thepattern formed onthe
screen i proportional to Pax

From the theory of diffraction of light ware we

know that the probability ily a intensity is givenby

pen Mins
c er are Q ex t day

absorbed inage 19,1 t 19217 21419592

InterferenceP t P2 Interferenceterm term

9 Adeity PT ei o
d fly ein a e Then we havei



The classical result would simply be Pitts while the

the quantum mechanics predicts a probability distribution

oscillating between KTP Tn to M that is between o to

4P if P Pa

Now we hypothetically design an experiment that
if the particle pass through tht I iet will obtain a
color red otherwise blue then onthe detector we count
them differently and plot the total frobability Then
obviously we will measure P I peep as we plotted

in fig 3 b Mathematically we say the total
wave function 4 49 49 has nosed into any

cite one of the state by distinguishingthem r This is to

say by distinguishing them we are making scores
to be zero We will see mathematical definition of
collapsing a generic state into a siren state

In modern language the superposition ofa stateinto
two or many possible state can cause fractionatization

of the particle fractionalization of its charge sepin
etc The superposition of the two or many possible
States also mean those two status hence generated

remain entangled for ever in they know eachother



no matter how far the screen is distanced

from the slit In another way to say if we
somehow find a way to measure one of thestate
at very far away and after a long dong time
later we also certainly know the otherstate as
well since the total probability is If

Double slit experiment and the wave nature comfy
trobability superposition etc are the foundation of
modern Quantum Mechanics The adhoc
quantization rules of Bohr Sommerfeld quantization

energy quantization angularmomentum quantitchin
are part of the old quantum mechanics that
we can reproduce by using modern Qin

A closeanalogof a wavefunction of a particle is toconsider a particle
as some vector say Now as theparticle is exposedto twopossible
slits states in theabove example is to define the rector I in a s dimensional

coordinate systemwith two linearly independendentunit rectors art as
I And An F The analogy is I E Y Ie g
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Let us say we have a bumpy road and a car is moving
on it We hone three possible situations as shown above

When the carbwheel site is much much bigger than the

site of the bumf the car's vibration is negligibly small
and thus although the vibration exists but one does not

feel measure it This is the classical limit ofNewtonian
mechanics where the Wave nature ofthe trajectory is not

measurable due to the instrument's WW inability to
resolve the smallscale vibration So here the car mores

as a particle and scatter with anothercave



II In the second situation the wheel's size is now comparable
to the bamfob rise Here the car will really vibrate

wildy and all the passengers will be able to sense the
vibrations Therefore the Carlo trajectory isdefined by a
wave solution But we may not

hone yet reached thequantum
limit unless the momentum is not low enough to reachthe
De Broglie limit of f Ha h lo H JIseo on regular

road the bumf site is X n i m Then a carof 1kg
need to acquire speed u n Hmp n lo 34mLsee to reach

the quantum limit Therefore the wave nature ofthe
Carlo trajectory is a classical wane If many carb
collide on inch a bumpy road the scatteredcarb will exhibit

interference patterns butthis is still not a quantum limit
where uncertainty principles will affly

HI Let us now imagine an hypothetical rotuation where Ho

bumfpb size and Its carb size have beensealed to Ite
atomic limit such that r x aswell as to Hx Then
the car will acquire a particle and wane dual behavior

Now if the cars will exhibitboth inference diffraction as

well as Compton Raman scattering phenomena Carb

position and momenta will also not now be simultaneously
determined with arbitrary precision



ComptonScattering Let us now try toperform a Compton

like scattering between two cars on

a bumpy road We considertwosituations

I A classical car when
it hit another car they 0pA o

E LYexchangemomentum and
both scatter with differentmomenta with the totalmomentabeing
conserved Tietz Fitt's
when a classical

wife Tiawave y car hitsanother

car at rest it exchanges

its total wavelength and the second car vibrating at the

save wavelength Recall that this is what one expects in the
Compton experiment to hone only one peak at the same

wavelength from classical wore theory
I But in the quantum
limit when two tix IT
quantum cars hit each
other they scatter like aparticle

in they exchange momenta and Hers bolt scatter into
different wavelengths according to the momentum
conservation roughly as f thx t

This is what one b serves in Compton effect



DoubleTunnelexperimentswithcars

t.me

Let us now imagine a bumpy road which spits
into two or hone two tunnels on the road before its join
again How will the above three cars will travel after it
cross the splitter h

E the classical car will take either path 1 or path2
and then move forward with a well defined trajectory
Despite thefact that the car hadequal probability
to choose between the twopaths but He final result
does not defend on which path a car takes If we

observe many many cars we will findthat on average

half of Hr cars will take path 1 I otherhalf will
take path 2 but all the cars will eventually meet
at the same road and the total probability of
finding all cars on the road after the splitterwill
add to 1



Iduin In both Case IIe It we have a ware nature of
the Carlo trajectory Therefore a car takes both thepathsand

the two split waves then merge to form diffractionpattern
in thefinal path Therefore the car has a finitepropability
of finding it onltide the path

f

proportional to do Clearly to

see the diffraction faltern the distance

d has to be of the order ofthe warelength

of the care It isworthmile repeatingthat the diffraction
pattern is formed by a each car dueto its wave nature

and simultaneously taking bolt bath 14 path 2 However
the intensity of the diffraction pattern will betoolow to observe
and one needs enough memberof carb diffractionprocess
to observe affordable intensityof the diffractionpatterns

I am not sure if there is a waytodistinguish between a

classical wave and a quantum wave via double slit experiment


